Published by Institute of Physics Publishing for SISSA/ISAS Received: March 18, 2004 Revised: June 12, 2004 Accepted: June 24, 2004

On the tensionless limit of gauged WZW models

Ioannis Bakas and Christos Sourdis^∗

Department of Physics, University of Patras GR-26500 Patras, Greece E-mail: bakas@ajax.physics.upatras.gr,

sourdis@pythagoras.physics.upatras.gr

Abstract: The tensionless limit of gauged WZW models arises when the level of the underlying Kac-Moody algebra assumes its critical value, equal to the dual Coxeter number, in which case the central charge of the Virasoro algebra becomes infinite. We examine this limit from the world-sheet and target space viewpoint and show that gravity decouples naturally from the spectrum. Using the two-dimensional black-hole coset SL(2, R)_k /U(1) as illustrative example, we find for k = 2 that the world-sheet symmetry is described by a truncated version of W_∞ generated by chiral fields with integer spin s ≥ 3, whereas the Virasoro algebra becomes abelian and it can be consistently factored out. The geometry of target space looks like an infinitely curved hyperboloid, which invalidates the effective field theory description and conformal invariance can no longer be used to yield reliable space-time interpretation. We also compare our results with the null gauging of WZW models, which correspond to infinite boost in target space and they describe the Liouville mode that decouples in the tensionless limit. A formal BRST analysis of the world-sheet symmetry suggests that the central charge of all higher spin generators should be fixed to a critical value, which is not seen by the contracted Virasoro symmetry. Generalizations to higher dimensional coset models are also briefly discussed in the tensionless limit, where similar observations are made.

Keywords: Conformal Field Models in String Theory, Conformal and W Symmetry, Sigma Models, BRST Quantization.

∗Present address: Department of Physics, Graduate School of Science, Osaka University, Toyonaka, Osaka 560-0043, Japan; e-mail: sourdis@het.phys.sci.osaka-u.ac.jp

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep062004049 /jhep062004049 .pdf

Contents

1. Introduction 1

2. Gauged Wess-Zumino-Witten models 5 2.1 Preliminaries 6 2.2 Classical considerations 7 2.3 Exact metric and the tensionless limit 10

3. Spectrum of the SL(2, R)_k / U(1) coset 15 3.1 The spectrum for k > 2 15 3.2 The decoupling of Liouville field at k = 2 17 3.3 Kac-Kazhdan determinant formula 19

4. Liouville field and null gauging 21

5. World-sheet symmetries of the SL(2, R)_k / U(1) coset 27 5.1 Parafermions and W-algebras 27 5.2 W-algebra at k = ∞ 33 5.3 W-algebra at k = 2 34

6. W_{1+∞} and its higher spin truncations 37

7. BRST analysis of the world-sheet symmetry 44

8. Generalizations to higher dimensional cosets 50

9. Conclusions and discussion 54

1. Introduction

The tensionless limit of string theory is a very fascinating but largely unexplored subject that was first introduced classically in flat space by letting all points of the string move at the speed of light, thus leading to the notion of null strings, [1]. Aspects of their quantization were subsequently studied, [2, 3], and it was also found that the concept of critical dimension does not arise in this case, as the Virasoro algebra contracts to an abelian structure and the corresponding BRST operator squares to zero, [4, 5] for all dimensions of space-time; see also [6] for a more recent discussion of the subject. It is a first indication that the notion of space-time undergoes a drastic modification as on passes from tensile to tensionless strings. This limit also arises naturally in various attempts to formulate a

– 1 – sensible expansion of string propagation in highly curved backgrounds, since strings appear to behave as tensionless classical objects in the vicinity of space-time singularities, [7]. Other classical tensionless string models were introduced recently in terms of geometric actions that are alternative to Polyakov’s action, and their quantization was investigated in connection with higher spin fields, [8]. On the other hand, there is another interesting approach to the tensionless limit of string theory, which arises directly at the quantum level, and it was brought to light by studying the high energy behavior of string scattering amplitudes at the Planck scale, [9, 10]. Although it is not known whether all these theories are equivalent to each other, or whether they represent different corners of a more general (yet unknown) framework, there is a common element that makes tensionless strings special, namely that the Planck mass becomes zero and all states turn massless as α^′ → ∞.

It has been suggested that the tensionless limit represents the unbroken phase of string theory, where all states appear on equal footing and they give rise to a huge symmetry group, which subsequently breaks and gives masses to the string states at lower energy scales, [11]; see also [12] for a more recent discussion in terms of higher spin symmetries. As such, it could be used to reveal the fundamental symmetry principles of strings at the Planck scale, and there are also indications that the theory might be topological in vein, [13], which may render the classical notion of space-time obsolete in this case or replace it with another structure. An interesting framework in which the behavior of tensionless strings may be studied in detail is provided by the AdS/CFT correspondence when the gauge theory side becomes weakly coupled (see for instance, [12, 14, 15, 16, 17] and references therein). In any case, since very little is still known about the tensionless limit of string theory, and the symmetry breaking patterns of its structure, it is natural to expect that any further progress in this direction will be beneficial for the future development of the whole subject.

It is precisely this problem that we are going to address in the present work by considering the tensionless limit of some exactly solvable gauged WZW models at the quantum level. In these models, the tensionless limit arises group theoretically in the ultra-quantum region, which is well defined and tractable. The models makes good sense from the world-sheet point of view, although they invalidate all conventional effective field theory descriptions based on the α^′-expansion. It will be shown that gravity decouples naturally from their spectrum in the form of a Liouville field with infinite background charge, but there is still a lot of structure that remains and can be treated in exact terms. Another advantage of these models is the non-trivial nature of their classical geometry, which receives substantial α^′ corrections within the usual perturbative expansion of the renormalization group equations, and they offer concrete examples for comparing the tensionless limits before or after quantization. However, we are still unable to provide a systematic reformulation of the complete theory in terms of 1/α^′ expansion in target space, since this approach requires the introduction of new concepts and variables that are purely stringy in nature, without having an analogue in the language of conventional effective field theories. Finally, it should be emphasized that the tensionless WZW models do not necessarily arise as limiting cases within critical string theory, but this is not a drawback because the critical dimension is not a useful concept in the tensionless limit.

– 2 –

The supergravity description of string theory, which corresponds to the opposite (large tension) limit when α^′ → 0, provides a consistent truncation of string dynamics at low energy scales, where only the genuine massless modes participate, including the graviton and the dilaton, and the effective action consists of the usual Einstein terms, plus higher order curvature terms in the α^′-expansion. The higher order terms are in principle calculable, but their determination is quite cumbersome unless new symmetry rules are invented using a more fundamental formulation of string dynamics that includes all α^′ corrections. This is precisely a place where the unbroken symmetry of tensionless strings, when appropriately described, may shed new light into the structure of all such higher order curvature terms. We note that the situation is reminiscent of the non-commutative structures that arise in the deformation approach to quantization: the non-commutative product admits a power series expansion in Planck’s constant with higher derivative terms that obey consistency requirements, order by order, following from associativity. The computation of all deformation terms is made systematic once the notion of classical geometry is abandoned and one introduces operators acting on the Hilbert space, as the relevant concepts in the quantum theory, and declare that the non-commutative product of functions is isomorphic to the product of quantum operators. Furthermore, the use of operators provides the only way to treat systematically the ultra-quantum limit of non-commutative geometry, when Planck’s constant tends to infinity, in which case there is no point to use power series expansions around the underlying classical concepts.

The tensionless limit we are considering in this paper is taken directly at the quantum level, which is most natural as large tension is related to large values of Planck’s constant. Recall that α^′ appears as a loop counting parameter in the perturbative renormalization group analysis of the world-sheet sigma model, and the tensionless limit is ultra-quantum in nature with Planck mass equal to zero. Then, it is natural to expect that the reformulation of string theory in this case will lead to the introduction of new concepts that will also be valuable for finite values of α^′, in analogy with the operator approach to non-commutative geometry. It should also be added in this context that several problems of non-commutative field theories admit a simple formulation in the infinite non-commutativity limit, [18], whereas for finite values of the deformation parameter the treatment becomes more intricate. Thus, tensionless strings seem to offer the simplest framework in which new ideas can be brought to light. The WZW models provide a concrete framework in the attempt to link conformal field theories with non-commutative structures, following the general program outlined in reference [19], since the notion of classical geometry undergoes quantum deformations when the level of the underlying Kac- Moody algebras assume finite values, which are far away from the classical large k limit. Then, the tensionless limit that exists for non-compact models when the level k assumes its critical value, corresponds to infinitely large non-commutativity and the correspondence between strings and non-commutative structures becomes more pronounced.

The effective field theory description of tensionless strings seems to require the introduction of all massless states on equal footing, but such an enlarged action and its symmetries principles are not known for all string states at this moment. We have no idea about the target space framework that replaces Einstein gravity and its couplings to other

– 3 – fields when α^′ → ∞. However, we can develop an alternative route based on the worldsheet symmetries of the underlying two-dimensional quantum field theories that describe building blocks of string theory vacua, which also make good sense in the tensionless limit, as for any other value of the string tension. Typical examples are provided by gauged WZW models based on non-compact groups, such as the two-dimensional black-hole coset SL(2, R)_k /U(1) and higher dimensional generalizations thereof, which are well defined for all values of the central charge of the underlying Kac-Moody algebra that ranges from the dual Coxeter number to infinity.

The tensionless limit is reached when k approaches the dual Coxeter number, and it is well defined in the framework of two-dimensional quantum field theories. However, this limit is singular in the class of conformal field theories because the central charge of the Virasoro algebra becomes infinite and a rescaling of the Virasoro generators is required. In turn, this leads to a contraction of the conformal symmetry that amounts to decoupling gravity from the spectrum, but otherwise there is a large world-sheet symmetry that remains associated to higher spin currents. A primary aim of the present work is to expose the rich algebraic structures of these models, which arise as enhanced world-sheet symmetries when k assumes critical values. Put differently, the underlying Kac-Moody algebras have a large number of null states when their level becomes critical, and they are responsible for the exact treatment of WZW models in the tensionless limit. It should be noted, however, that this approach only applies to non-compact groups, since the compact models can never become critical by unitarity that restricts the allowed values of k.

Our work could be regarded as generalization of some original ideas introduced in reference [20], where non-compact WZW coset were put forward as models for tensionless strings. In this paper we carry out this program in great detail, using the target space and the world-sheet description of these models, and find that gravity decouples naturally from their spectrum. Using the two-dimensional black-hole coset SL(2, R)_k / U(1), as illustrative example, we find the exact metric becomes singular at k = 2, which is consistent with the naive expectation that strings behave as tensionless objects in very strong gravitational fields. However, more careful analysis of the quantum tensionless limit reveals that gravity plays no role in this case, as it decouples in the form of a Liouville field with infinite background charge, and there is no remnant of space-time geometry. These models resemble “little string theories” which arise by taking the string coupling to zero in some configuration of Neveu-Schwarz five-branes and/or singularities, while keeping the string scale constant; for a review, see for instance [21], and references therein. Although different, they both define non-trivial theories which are decoupled from gravity.

The class of models we are considering here turn out to exhibit a rich symmetry structure in the tensionless limit, which is associated to higher spin fields and it is systematically described by a truncated version of the W_∞ algebra on the world-sheet of the resulting twodimensional quantum theory. Quite remarkably, this algebra is linear and can be written in closed form using a bilinear realization of its generators in terms of a complex fermion. It should be noted, however, that it differs from the usual realizations of W_∞-type algebras, as there is no stress-energy tensor among its generators. It is conceivable that the tensionless limit of WZW models might also have a topological meaning that characterizes their

– 4 – behavior after the decoupling of gravity. Although this point of view will not be developed here, it may be closely related to the topological phase of tensionless strings in flat space that was advocated before, [13].

The remaining sections of the paper are organized as follows. In section 2, we briefly review the world-sheet and space-time description of gauged WZW models and discuss the exact form of the metric for all physical values of the level of the underlying Kac- Moody algebra. Special emphasis is placed on the (euclidean) two-dimensional black-hole coset SL(2, R)_k / U(1), which is shown to exhibit tensionless limit for k = 2. In section 3, we discuss the spectrum of the SL(2, R)_k / U(1) coset model, which consists of two parts coming from a Liouville field and a compactified boson, respectively, and describe the decoupling of the Liouville mode when k = 2. In section 4, we compare our results with the null gauging of WZW models, which correspond to an infinite boost in target space, and they describe the Liouville mode that decouples in the tensionless limit. In section 5, we employ the theory of non-compact parafermions to construct extended world-sheet symmetries of the coset SL(2, R)_k / U(1), which include the Virasoro algebra for 2 < k < ∞. The resulting algebraic structure is a non-linear deformation of W_∞, denoted by Ŵ_∞(k), which linearizes in the large tension limit, k → ∞. It is also shown that when k assumes its critical value, k = 2, Ŵ_∞(k) also becomes linear and coincides with a truncated version of W_∞ generated by all integer higher spin fields with s ≥ 3. In this case, the Virasoro algebra abelianizes by suitable rescaling of the generators, and it can be consistently factored out as it only depends on the Liouville mode that decouples in the tensionless limit. The precise identifications are made in section 6, where the W_{1+∞} algebra and its higher spin truncations are discussed in all generality; we also comment on their free field realizations as they arise from coset models. In section 7, we perform a formal BRST analysis of Ŵ_∞(2) as (fundamental) world-sheet symmetry of tensionless gauged WZW models and show that the central charge of all higher spin generators should be fixed to a critical value, which is not seen by the contracted Virasoro symmetry. It turns out that this symmetry is not anomalous free for the black-hole coset at k = 2, but it needs two copies for consistent implementation. In section 8, we outline generalizations of the basic framework to higher dimensional coset models when the level of the underlying Kac-Moody algebras reach their critical values. Finally, in section 9, we present the conclusions and outline some directions for future work.

2. Gauged Wess-Zumino-Witten models

In this section we recall the classical description of gauged WZW models and summarize the group theoretical methods that allow to determine their exact geometry to all orders of α^′ ∼ 1/k. It is then possible to take the ultra-quantum limit by letting k assume its critical value, in order to establish the exact form of the very strong gravitational field which is responsible for the tensionless behavior of these models. The geometry becomes singular at k = g^∨, as expected on general grounds, and conformal invariance can no longer be used within any perturbative renormalization group scheme to yield reliable space-time interpretation. The main focus is placed here on the euclidean black-

– 5 – hole coset SL(2, R)_k / U(1), which provides the simplest gauged WZW model based on noncompact groups. Further examples with higher dimensional coset models will be included in section 8, where similar observations are also made.

2.1 Preliminaries

The WZW models, and their gauged versions, constitute exact conformal field theories, which are constructed group theoretically, and they can be used as building blocks for the description of string theory vacua. These models are based on the Kac-Moody symmetry of a group G that is generated by the singular part of the operator product expansion of the currents J_A(z)J_B (w) = f^C_{AB}

J_C (w) z − w + η_{AB} k 2(z − w)^2

, (2.1)

where f^C_{AB} are the structure constants, η_{AB} is the standard metric, and k is the level of the current algebra (see, for instance, [22, 23, 24]). We will consider sigma models of the form G/H by gauging appropriately chosen subgroups of G with special emphasis on noncompact groups for which the level can vary continuously from the dual Coxeter number g^∨ to infinity, i.e., k ≥ g^∨, in order to have unitarity. The dual Coxeter number is given by the value of the quadratic Casimir operator of G in the adjoint representation, so that

g^∨η^{AB} = f^{ACD}f^B_{CD} . (2.2)

The non-compact cosets are most appropriate for constructing exact tensionless models by taking the limit k → g^∨, whereas their classical geometry corresponds to the limit k → ∞. Also, in this context, one may extrapolate continuously between the two limits, since the gauged WZW models are well defined two-dimensional quantum field theories for all such values of k. Compact groups do not allow for this possibility because their level is quantized and it can never become critical, i.e., equal to the dual Coxeter number, while maintaining unitarity; this can be also formally seen by changing the sign of k in order to pass to the compact group, in which case the corresponding level is positive and it can never become equal to −g^∨.

The conformal symmetry of WZW models G_k is realized by the Sugawara construction of their stress-energy tensor,

T (z) = 1 k − g^∨ η^{AB} J_AJ_B (z) , (2.3)

where normal ordering of the Kac-Moody currents is implicitly assumed. Then, the operator product expansion T (z)T (w) = ∂T (w) z − w + 2 T (w) (z − w)^2 + c 2(z − w)^4

(2.4)

generates the Virasoro algebra with central charge

c_G =

(dim G)k k − g^∨ . (2.5)

– 6 –

The stress-energy tensor of the gauged WZW models G/H is simply provided by the formula, [22, 23], T_{G/H} (z) = T_G(z) − T_H (z) (2.6)

and the corresponding central charge equals to the difference of the two individual terms,

c_{G/H} = c_G − c_H =

(dim G)k k − g^∨ − (dim H)k k − h^∨ , (2.7)

where g^∨ and h^∨ are the dual Coxeter numbers of G and H, respectively. Thus, we observe that c_{G/H} → dim(G/H) when k → ∞, whereas c_{G/H} → ∞ when k → g^∨. This is precisely the value of interest in the tensionless limit, since k − g^∨ ∼ 1/α^′. Better understanding of this relation will be achieved later using the effective action of the coset conformal field theories.

The fact that the central charge of the Virasoro algebra becomes infinite implies that the conformal field theory of the coset model is singular at k = g^∨. Appropriate rescaling of the Virasoro generators is then required in order to make the coefficient of the central terms finite, in which case the conformal algebra contracts to an abelian structure.^1 This issue will be discussed later in great detail. We will find that the tensionless limit makes perfect sense as two-dimensional quantum field theory, although it is singular as conformal field theory.

2.2 Classical considerations

The starting point is the ordinary WZW model for a Lie group G, which is defined by the action, [25],

S_{WZW} = k 4π ∫ Σ d^2z Tr ( ∂g^{−1} ¯∂g ) + ik 24π ∫ B d^3x Tr ( g^{−1}dg )_3 . (2.8)

Here, (z, z̄) are complex coordinates on the two-dimensional world-sheet Σ, whereas the second term is topological and it is defined on a three-dimensional manifold B whose boundary is Σ; for all practical purposes Σ is taken to be a sphere and B is a threedimensional ball. This action has global G × G symmetry corresponding to g → agb^{−1} with both a, b ∈ G. One may also consider a variant of the WZW models by gauging a subgroup of the global symmetry group, but this is not always possible unless the subgroup obeys a certain anomaly cancellation condition. In the following we consider the gauging of anomaly free subgroups for the case of non-compact simple Lie groups G.

The gauging of the WZW model with respect to a subgroup H ⊂ G is implemented by introducing gauge fields A and Ā with values in the Lie algebra of H, and the action is taken to be [25, 26, 27]

S(g; A, Ā) = S_{WZW} − k 2π ∫ d^2z Tr ( A ¯∂gg^{−1} − Āg^{−1}∂g − AgĀg^{−1} + AĀ ) . (2.9)

1This contraction is similar to the familiar Inonü-Wigner contraction of Lie algebras; for example, the SU(2) algebra contracts to the Heisenberg-Weyl algebra in the infinite spin limit, since a sphere with infinite radius looks like a two-dimensional plane.

– 7 –

S(g; A, Ā) is invariant under the local gauge transformations

A → h^{−1}(∂ + A)h , Ā → h^{−1}( ¯∂ + Ā)h , (2.10)

with g also transforming in a vector-like way, as g → hgh^{−1} ; h ∈ H . (2.11) The classical equations of motion that follow by variation with respect to all fields are

δA : D̄gg^{−1} |_H = 0 , (2.12) δĀ : g^{−1}Dg |_H = 0 , (2.13) δg : D̄ ( g^{−1}Dg ) + F_{zz̄} = 0 , (2.14)

where F_{zz̄} = ∂Ā− ¯∂A+[A, Ā] is the field strength and D, D̄ are the corresponding covariant derivatives. Then, imposing the condition (2.13) on equation (2.14), one arrives at the zero curvature condition F_{zz̄} = 0, and D̄ (g^{−1}Dg) |_{G/H} = 0 . (2.15) We may use appropriate parametrization of the group elements g(z, z̄) to fix the gauge freedom (2.11) and integrate over the gauge fields A, Ā in order to obtain the effective action of the gauged WZW model for the coset G/H. This procedure can be equivalently implemented at the classical level by first solving for the gauge fields, which act as Lagrange multipliers, and then substitute the resulting expressions in terms of g(z, z̄) back into the action S(g; A, Ā), [26, 27, 28]. In particular, choosing a unitary gauge in the fundamental representation of G, we may first fix dim H variables among the total number of dim G parameters of the group elements g, and denote by X^μ the remaining dim(G/H) target space variables. Then, the gauge fields can be eliminated from the action S(g; A, Ā), using their equations of motion

A^a = +i ( C^T − I )_{−1} ab L^b_μ∂X^μ , Ā^a = −i (C − I)^{−1}_{ab} R^b_μ ¯∂X^μ . (2.16)

The indices of the Lie algebra G split as A = (a, α) with a ∈ H and α ∈ G/H and denote the generators of H by T^a. Also, we adopt the following short-hand notations

L^a_μ = −i Tr ( T^ag^{−1}∂_μg ) , R^a_μ = −i Tr ( T^a∂_μgg^{−1} ) , C^{ab} = Tr ( T^agT^bg^{−1} ) . (2.17) Finally, the sigma model action of the gauged WZW model is written in terms of these variables as follows,

S = S_{WZW}(g) − k 2π ∫ d^2zR^a_μ ( C^T − I )_{−1} ab L^b_ν ∂X^μ ¯∂X^ν . (2.18)

In any case, the target space metric depends only on the gauge invariant parameters that are left to parametrize g after exploiting the gauge freedom (2.11); in general, there is

– 8 – also an anti-symmetric tensor field that originates from the topological term of the action S_{WZW}(g). The only extra ingredient that requires special attention in the quantum theory is the introduction of a target space dilaton field due to finite corrections coming from the integration over the gauge fields. The dilaton should be added in the effective action, in the usual way, in order to maintain conformal invariance of the model to lowest order in α^′ ∼ 1/k, as k → ∞. Higher order corrections modify the form of the background fields and they also provide the exact relation between the level k and the tension parameter of these models.

The two commuting copies of the Kac-Moody algebra that correspond to the chiral sectors of the WZW model G_k have remnants in the gauged WZW coset, and they are associated to the (so called) parafermion currents, [29, 28, 30]. They are classically defined by first parametrizing the gauge fields as pure gauge, i.e., A = −∂hh^{−1} and Ā = − ¯∂h̄h̄^{−1} in terms of appropriately chosen group elements h, h̄ ∈ H. Then, introducing the gauge invariant element f = h^{−1}gh and using the zero curvature condition F_{zz̄} = 0, the classical equations of motion (2.15) are written as chiral conservation laws, ¯∂Ψ = 0, where the field

Ψ(z) = ik π f^{−1}∂f(z) (2.19)

defines the classical parafermion current with values in the coset space G/H. Likewise, the anti-holomorphic parafermion current Ψ̄ is defined using the group elements h̄.

It is important to realize in this context that the parafermion currents are non-local fields, since they have Wilson lines attached to them which arise by solving h and h̄ in terms of A and Ā, respectively, using path-ordered exponentials. Their classical Poisson algebra is computed using the coset valued matrix elements Ψ_α, and it substitutes for the current symmetry algebra of the G_k WZW models. In the quantum theory, this algebra corresponds to the singular part of the operator product expansion of the parafermion currents, [29], although non-singular terms are also important in order to define W -algebra generators of the extended conformal symmetries of these cosets. Later, we will pursue this method directly in the quantum theory for arbitrary values of the level k, and examine the algebraic structures that result on the world-sheet when k comes close to its critical value, g^∨. In this framework, we will be able to determine the exact properties of the two-dimensional quantum field theories that correspond to the tensionless limit of the non-compact WZW models.

We also note for completeness that apart from vector gauging, it is also possible to perform axial gauging when H is an anomaly free abelian subgroup. In this case, the starting point is provided by the action

S^′(g; A, Ā) = S_{WZW} − k 2π ∫ d^2z Tr ( A ¯∂gg^{−1} + Āg^{−1}∂g + AgĀg^{−1} + AĀ ) , (2.20)

which is invariant under the axial-like local gauge transformations g → hgh ; h ∈ H , (2.21) whereas A and Ā transform as in the vector gauging. The rest proceeds as before, but the computation yields different background fields in target space which is T -dual to the geometry of vector gauging, [31].

– 9 –

The simplest example is provided by the choice G = SL(2, R) with H being an abelian subgroup, [32]. One possibility corresponds to the non-compact abelian subgroup generated by the third Pauli matrix σ_3 in the fundamental representation of SL(2, R). Then, the coset model is SO(2, 1)_k / SO(1, 1) ≃ SL(2, R)_k /R with lorentzian signature and it describes the classical geometry of a two-dimensional black-hole in the large k limit. The other possibility corresponds to gauging the compact abelian subgroup generated by iσ_2 in terms of the second Pauli matrix. It leads to the coset model SO(2, 1)_k/ SO(2) ≃ SL(2, R)_k / U(1) that describes the geometry of a euclidean black-hole. In both cases the gauging can be implemented either vectorially or axially, since H is abelian, and the resulting backgrounds are related to each other by T -duality. Also, the lorentzian and euclidean black-holes are naturally related to each other by analytic continuation of their target space coordinates.

The derivation of the explicit expressions is quite standard and we refer the reader to the original works for further details, [32, 33, 34]. Besides, in the next subsection, the exact metric and dilaton fields are presented systematically to all orders in α^′ ∼ 1/k, and the classical geometry of the cosets follows when k → ∞. Higher dimensional cosets will be discussed briefly in section 8, but their algebraic and geometric structures become quickly rather involved, and hence difficult to treat in all generality. In any case, the twodimensional black-hole coset provides a good laboratory for understanding the behavior of gauged WZW models at critical level. Most of our analysis will be subsequently confined to applications to the euclidean black-hole coset.

2.3 Exact metric and the tensionless limit

Next, we consider the quantum modifications to the classical geometry, which are induced by adding α^′ ∼ 1/k corrections to the target space fields using the perturbative beta function equations. Fortunately, the quantum corrections can be explicitly worked out in all WZW models by appealing to different (but equivalent) methods for the construction of the exact metric and other background fields to all orders in α^′. Then, one may formally take the tensionless limit of the exact formulae in order to get a feeling of the resulting geometry in the ultra-quantum regime. This method also provides the exact relation between k and α^′ beyond the leading order approximation. In all cases the geometry becomes singular in the limit α^′ → ∞, which agrees with the naive expectation that strings behave as tensionless objects in strong gravitational fields near the singularities, [7]. However, as we will see later, a careful analysis of the quantum theory shows that gravity decouples in the tensionless limit of WZW models and there is no remnant of the target space geometry: the theory is non-trivial but non-geometric.

The simplest way to derive the exact form of the metric is provided by the hamiltonian approach, which asserts that the Laplace operator in target space is given by L_0 + L̄_0 in terms of the left and right-moving Virasoro zero modes. In particular, using the effective action for the tachyon field T , it follows that

L_0T = ( Δ^L_G k − g^∨ − Δ^L_H k − h^∨ ) T , (2.22)

– 10 – where Δ^L_G and Δ^L_H are the quadratic Casimir operators of the groups G and H, respectively. This equation follows from the Sugawara construction of the coset model G/H, and there is also a similar action for the operator L̄_0 in terms of the operators Δ^R_G and Δ^R_H . It can be shown in all generality that Δ^L_G = Δ^R_G, whereas (Δ^L_H − Δ^R_H )T = 0 is only valid onshell when acting on the tachyon field. This is also consistent with the gauge invariance condition (J^L_H + J^R_H )T = 0 which is imposed on the tachyon field by the vector gauging of the models; for the axial gauging this condition is replaced by (J^L_H − J^R_H )T = 0. Then, the target space metric and dilaton fields are chosen so that the exact hamiltonian acts in the following way,

(L_0 + L̄_0)T = − e^{−Φ} √ G ∂_i ( e^Φ √ GG^{ij} ∂_j T ) . (2.23)

An invariant expression is √ G exp Φ, which is independent of k.

This identification was first suggested in reference [35], and it was subsequently applied by a number of authors to a variety of conformal field theory models, [36, 37, 38]. The resulting expressions for the background fields have been tested extensively by comparison to the perturbative expansion of the beta functions equations to higher orders in α^′. There are also independent derivations based on the effective action, which can be made systematic by the exact solvability of these models; for an excellent exposition of all different approaches see, for instance, [38]. The quantum analysis also leads to the identification, in appropriate units^2 α^′ = 1 k − g^∨ , (2.24)

which follows by replacing k with k − g^∨ in all cases.

The tensionless limit is reached when k = g^∨, according to (2.24), but conformal invariance can no longer be used to yield reliable space-time interpretation of these models. This method suggests the way to take the tensionless limit in the framework of the effective field theory, but the target space geometry becomes highly singular. The appearance of singularities implies that the sigma model description breaks down in this case as all other massless states should be included on equal footing, if possible. Consequently, the tensionless limit of the theory cannot be addressed systematically in the present framework, which is inadequate as it stands. It is only considered here to establish the form of the singularities, which break the validity of the sigma model approach to string theory, and compare with other methods.

Next, we focus on the exact form of the metric and dilaton fields for the simplest euclidean black-hole coset and postpone generalizations to higher rank spaces until section 8. Since SL(2, R)_k / U(1) can be constructed by gauging the U(1) subgroup in two different ways, the above hamiltonian procedure should be applied separately to the geometry of the momentum and winding modes. In either case, the same qualitative picture results when k = 2, namely that the geometry looks like an infinitely curved hyperboloid written

2The coordinates X^μ of non-linear sigma models are dimensionful but they can be rescaled by the characteristic radius of the manifold R to dimensionless fields. The WZW action is written in terms of the group elements g so that the level k = R^2/α^′ is the dimensionless analogue of the string tension. Classically, the tensionless limit arises when k → 0, but quantum mechanically one has to include the shift by g^∨.

– 11 – in different coordinate patches that depend on the gauging. The intermediate results are quite standard by now, but they are summarized below following [36], in order to examine the special limit k = 2, which is of interest here. Also, they will be used to discuss the spectrum in section 3 that relies on the same hamiltonian method.

Using the standard parametrization of the SL(2, R) group elements

g = exp ( i 2 θ_Lσ_2 ) exp ( 1 2 rσ_1 ) exp ( i 2 θ_Rσ_2 ) (2.25)

in terms of Pauli matrices, we may work out the laplacian of the exact sigma model. First, consider the operator L_0 = L^{SL(2,R)}_0 − L^{U(1)}_0 , where the individual terms are given by the Sugawara construction in terms of the Fourier modes,

L^{SL(2,R)}

0 = − 1 k − 2 ( C_2 + ∞∑ n=1 ( J^+_{−n}J^−_n + J^−_{−n}J^+_n + 2J^3_{−n}J^3_n ) ) ,

L^{U(1)}_0 = − 1 k ( ( J^3_0

)_2 + 2 ∞∑ n=1 J^3_{−n}J^3_n ) . (2.26)

Here, C_2 denotes the Casimir operator given by the quadratic expression of zero modes,

C_2 = 1 2 ( J^+_0 J^−_0 + J^−_0 J^+_0 ) + ( J^3_0

)_2 (2.27)

There are also similar expressions for the operators L̄^{SL(2,R)}_0 and L̄^{U(1)}_0 in terms of the corresponding anti-holomorphic currents.

Note that only the zero modes J^±_0 and J^3_0 contribute to the action of the operators on the tachyon field, since the action of the positive modes on highest weight states give zero. Therefore, it is sufficient to use the differential form of the global SL(2, R) generators in order to represent the relevant part of the operator L_0. Since

J^±_0 = e^{∓iθL} ( ∂ ∂r ± i sinh r ( ∂ ∂θ_R − cosh r ∂ ∂θ_L )) , J^3_0 = i ∂ ∂θ_L , (2.28)

the action of L_0 and L̄_0 on the tachyon field T is given by the differential operators

L_0 = −

Δ_0 k − 2 − 1 k ∂^2 ∂θ^2_L

, L̄_0 = −

Δ_0 k − 2 − 1 k ∂^2 ∂θ^2_R

, (2.29)

respectively, where Δ_0 is

Δ_0 =

∂^2 ∂r^2 + coth r ∂ ∂r + 1 sinh^2 r ( ∂^2 ∂θ^2_L + ∂^2 ∂θ^2_R

− 2 cosh r

∂^2 ∂θ_L∂θ_R ) . (2.30)

Clearly, Δ_0 is invariant under the interchange L ↔ R, as expected on general grounds. These expressions are also particularly useful for computing the spectrum of conformal dimensions in the black-hole coset. Furthermore, the condition (L_0 − L̄_0)T = 0 implies the separation of variables T = T (r, θ) + T̃ (r, θ̃) where θ = 1 2 (θ_L − θ_R) , θ̃ = 1 2 (θ_L + θ_R) , (2.31)

and it leads to different effective descriptions of the geometry of momentum and winding modes.

– 12 –

Using the variable θ, which arises in the study of the momentum modes, the action of the laplacian on T (r, θ) is given by the differential operator

L_0 = − 1 k − 2 ( ∂^2 ∂r^2 + coth r ∂ ∂r + ( coth^2 r 2 − 2 k ) ∂^2 ∂θ^2 ) . (2.32)

The exact expressions for the effective metric and dilaton fields follow by comparison with the Laplace operator (2.23), and they assume the special form

ds^2 = 1 2 (k − 2) ( dr^2 + β^2(r)dθ^2 ) , Φ = log ( sinh r β(r) ) (2.33)

for all k ≥ 2, where β(r) is given by the function 4 β^2(r)

= coth^2 r 2 − 2 k . (2.34)

The results simplify considerably when k approaches 2 or infinity, leading to the following geometric structures: First, as k → ∞, the geometry in the gravitational regime looks like ds^2 ≃ 1 2 k ( dr^2 + 4 tanh^2 r 2 dθ^2 ) , Φ ≃ 2 log ( cosh r 2 ) , (2.35)

and describes the familiar semi-infinite cigar when the θ coordinate is chosen to be periodic modulo 2π. As such, it satisfies the conditions for conformal invariance to lowest order in α^′; they read as R_{μν} = ∇_μ∇_ν Φ fixing the normalization of the dilaton field. Second, continuing the validity of the exact solution close to the critical level of the underlying SL(2, R)_k algebra, we find ds^2 ≃ 1 2 (k − 2) ( dr^2 + 4 sinh^2 r 2 dθ^2 ) , Φ ≃ log ( cosh r 2 ) , (2.36)

which describes the geometry of an infinitely curved hyperboloid in appropriate coordinates. In this case, there is also a dilaton field that accompanies the geometry, which is everywhere regular in space and the string coupling exp(−Φ) never becomes infinite. It provides a “target space” realization of the tensionless SL(2, R)_2 / U(1) coset model and establishes the singular nature of its effective geometry in the ultra-quantum regime. However, conformal invariance can not be reliably used in this case because the beta function equations are only valid perturbatively in α^′ ≃ 1/k when k is large, and the result should be interpreted with care.

Likewise, the geometry of the winding modes follows by duality transformation of the SL(2, R) currents, J^a → J^a and J̄^a → −J̄^a, which relate the axial with the vector gauging. The duality interchanges the angular variables θ ↔ θ̃ and the laplacian on T̃ (r, θ̃) is represented by the differential operator

L_0 = − 1 k − 2 ( ∂^2 ∂r^2 + coth r ∂ ∂r + ( tanh^2 r 2 − 2 k ) ∂^2 ∂θ̃^2 ) . (2.37)

The relevant expressions for the effective metric and dilaton fields are also put in the form (2.33), using another function 4 β^2(r)

= tanh^2 r 2 − 2 k . (2.38)

– 13 –

The two cases are formally related to each other by the simple transformation rule r → r + iπ/2 and θ → θ̃. However, the metric and dilaton fields are now singular at r = r_0 = 2 arctanh √ 2/k. This critical value defines the range of validity of the metric, since the signature changes beyond it: for r > r_0 the signature is ++, whereas for r < r_0 the signature changes to +−.

As before, there are two distinct limits corresponding to values of k close to 2 or infinity. In the gravitational regime, k → ∞, the background fields are ds^2 ≃ 1 2 k ( dr^2 + 4 coth^2 r 2 dθ̃^2 ) , Φ ≃ 2 log ( sinh r 2 ) , (2.39)

satisfying the conditions for conformal invariance to lowest order in α^′. This geometry is a trumpet with curvature singularity at the origin of the coordinate system, and it is dual to the semi-infinite cigar. On the other hand, when k → 2, it follows that ds^2 ≃ 1 2 (k − 2) ( dr^2 − 4 cosh^2 r 2 dθ̃^2 ) , Φ ≃ log ( sinh r 2 ) , (2.40)

which provides the “target space” description of the tensionless SL(2, R)_k / U(1) model in terms of an infinitely curved AdS_2 space with signature +−. Note that the change of signature occurs because the critical value r_0 is pushed to infinity when k → 2. Thus, either we are prepared to accept a change of signature in space, in which case the string coupling exp(−Φ) becomes infinite at the origin, r = 0, but it is regular everywhere else, or else the available space covered by the coordinate system is completely eaten up to maintain euclidean signature. In either case, the singular character of the exact metric indicates, as before, that the effective theory breaks down in the tensionless limit and conformal invariance is not particularly useful for exploring the geometry of target space beyond perturbation theory.

The lorentzian version of the coset arises by analytic continuation of the angular variable, so that r remains a spatial coordinate, and it corresponds to the gauged WZW model SL(2, R)_k /R. Then, the tensionless limit of the two-dimensional geometry is AdS_2 with zero radius, using the axial gauging. On the other hand, vector gauging leads to a confusion of signature, as before, and it gives rise to an infinitely curved hyperboloid with euclidean signature or else all space is eaten up by the quantum corrections. This coincidence offers a concrete framework for exploring the relation between the quantum tensionless limit of the black-hole coset at k = 2 and the quantization of classical tensionless strings on AdS_2, following the light-cone methods of references [16, 17] (but see also [6]). It should be further mentioned that the higher dimensional WZW models SO(d − 1, 2)/ SO(d − 1, 1) with lorentzian signature do not represent AdS_d space with zero radius when their effective action is taken to critical level. As we will see later in section 8, they rather describe nonsymmetric deformations of AdS_d for d > 2, in the presence of non-trivial anti-symmetric tensor field, but this may not be so important in the zero radius limit. These models also exhibit a confusion of signature or else there is a truncation of the available space, as for the vector gauged SL(2, R)_k / U(1) coset. In any case, the theory of non-compact cosets provides exact models for tensionless strings, which could be used further to understand the subtle issues of the AdS/CFT correspondence in the zero radius limit.

– 14 –

Summarizing the results of this exposition, we conclude that the metric sector of gauged WZW models becomes highly singular at critical k and string propagation behaves as tensionless theory. Since the effective field theory description breaks down, other methods should be employed for the exact quantum mechanical treatment of WZW models in this case. These will be provided later using world-sheet techniques which make perfect sense in the tensionless limit. In order to motivate some of the constructions, we will first discuss the behavior of the spectrum close to critical level and observe a decoupling of gravity from the remaining fields of the quantum theory.

3. Spectrum of the SL(2, R)_k / U(1) coset

We briefly review the construction of the full spectrum of conformal dimensions for the SL(2, R)_k / U(1) model, following [36, 39]. The results are analogous to the spectrum of the compact coset SU(2)_N / U(1), but with some additional elements for the non-compact group. Then, we discuss the rescaling which is necessary to make sense of the special limit k = 2, and observe that gravity decouples from the spectrum in the form of a Liouville field with infinite background charge. The same picture will arise later using world-sheet methods, as the Virasoro algebra decouples from all remaining symmetries of the coset model.

3.1 The spectrum for k > 2

The spectrum of primary fields of the SL(2, R)_k / U(1) model can be determined from the states of the SL(2, R)_k conformal field theory by imposing restrictions on the left and right moving J^3-oscillators,

J^3_n|state⟩ = 0 = J̄^3_n|state⟩ for n > 0 , (3.1)

which are supplemented by the following conditions on the zero modes,

J^3_0 − J̄^3_0 = m , J^3_0 + J̄^3_0 = nk (3.2)

for all integers m, n. Using the parametrization (2.25) of the SL(2, R) group elements, the condition (3.2) translates into the restriction

ω_L = 1 2 (m + nk) , ω_R = − 1 2 (m − nk) (3.3)

for the lattice of the corresponding U(1) quantum numbers. Then, the full spectrum of conformal dimensions of the coset model can be obtained by diagonalizing the operators L_0 = L^{SL(2,R)}

0 − L^{U(1)}_0 and L̄_0 = L̄^{SL(2,R)}_0 − L̄^{U(1)}_0 .

The action of the SL(2, R)_k currents is computed by taking into account only the contribution of the zero modes J^±_0 and J^3_0 , whereas the action of positive modes on highest weight states gives zero. Thus, it is sufficient to use the global SL(2, R) generators in order to represent the relevant part of the operators L_0 and L̄_0, as in equation (2.29) in terms

– 15 – of the Casimir C_2. Using the defining relations of highest weight states for both left and right Virasoro movers,

L_0|l, ω_L⟩ = h^{ωL}_l |l, ω_L⟩ , L̄_0|l, ω_R⟩ = h̄^{ωR}_l |l, ω_R⟩ , (3.4)

the corresponding conformal weights are

h^{ωL}_l = − l(l + 1) k − 2 + 1 k ω^2_L = − l(l + 1) k − 2 + (m + nk)^2 4k , h̄^ωR_l = −l(l + 1) k − 2 + 1 k ω^2_R = − l(l + 1) k − 2 + (m − nk)^2 4k . (3.5)

Here, l is the SL(2, R) isospin which is determined by the quadratic Casimir operator (2.27) with eigenvalues c_2 = l(l + 1).

The allowed values of l follow from the classification of the unitary irreducible representations of the Lie algebra SL(2, R), supplemented by some additional restrictions that depend on the central charge k of the Kac-Moody algebra. Recall at this point that the representations of the global SL(2, R) algebra fall into three general series according to the allowed values of the isospin l and the “magnetic” quantum number ω that label the eigenvalues of C_2 and the U(1) generators, respectively:

(a) Principal continuous series, which have l = is − 1/2 with real values of s and ω.

(b) Complementary continuous series, which have real l ∈ [−1, −1/2] and ω is also real.

(c) Principal discrete series, which have real l < −1/2 and |ω|+l is non-negative integer.

The discrete series come in two different types, either highest or lowest weight, and there is also the trivial representation with l = 0 and ω = 0 that should be added for completeness. Note that the quadratic Casimir is always real with −l(l + 1) being positive for the continuous series representations.

The only relevant representations turn out to be the (a) or (c) series leading to normalizable vertex operators. For the discrete series, both |ω_{L,R}| + l should be non-negative integers, which in turn put restrictions on the allowed range of l depending on the level k. Taking also into account recent analysis based on spectral flows, [39, 40], one finds that the allowed range of values for the discrete series is − 1 2 (k − 1) < l < − 1 2 (3.6)

in order to have unitarity. There is no such restriction on the principal continuous series. Thus, we obtain a complete description of the spectrum (3.5) in either case. It is also important to stress at this point that there are no discrete representations appearing at k = 2, using the unitarity bound (3.6).

As k → 2, only the principal continuous series representations become relevant with

h^{ωL}_l = s^2 + 1/4 k − 2 + (m + nk)^2 4k , h̄^{ωR}_l = s^2 + 1/4 k − 2 + (m − nk)^2 4k , (3.7)

– 16 – but the first term blows up in the limit. Its contribution will be attributed to a Liouville field that arises in the free field representation of the coset model and produces the same spectrum as above. Also, in section 4, the same Liouville theory will control the effective description of the SL(2, R)_k / U(1) coset model, which is obtained by introducing a boost with very high Lorentz factor in the Lie algebra. This Liouville theory describes the radial coordinate of the coset model and has to decouple at critical level; otherwise, the dimensions (3.7) will contain an infinite part, which is natural to expect at very high energy scales but not in tensionless models. Put differently, unless the gravitational effects of Liouville theory can be consistently removed, the high energy limit cannot be considered as being tensionless. This crucial point will be clarified further in the following for the gauged and the ungauged WZW models. It is also interesting to recall that the spectral flow of the continuous representations correspond to long string states in the SL(2, R)_k WZW theory, [39, 41]. On the other hand, the discrete representations and their spectral flow correspond to short strings, but they do not arise at k = 2. Since the radial coordinate of long strings is effectively described by a Liouville theory with background charge Q ∼ 1/ √ k − 2, as follows from the exact analysis of the problem in the context of the D1/D5 brane system, [41], one is lead to suspect that their radial dynamics decouples in the tensionless limit.

3.2 The decoupling of Liouville field at k = 2

Next, we examine the reductions that arise at critical level of the SL(2, R)_k current algebra. The conformal dimensions (3.7) consist of two terms that behave differently when k → 2; as they stand, the first blows up like 1/(k − 2) and the second remains finite. Likewise, the central charge of the Virasoro algebra blows up like 1/(k − 2). Thus, a rescaling is required in order to make sense of these infinities in a systematic way.

It is instructive for this purpose to describe the spectrum of conformal dimensions (3.5) for arbitrary level k using another conformal field theory S = 1 2π ∫ d^2z ( ∂ϕ_1 ¯∂ϕ_1 + ∂ϕ_2 ¯∂ϕ_2 + Q 4 √ gRϕ_1 ) (3.8)

that contains two free scalar fields, one of them with background charge Q and the other compactified on a circle with radius R. The field ϕ_2 has stress-energy tensor

T_2(z) = − 1 2 (∂ϕ_2)^2(z) (3.9)

with Virasoro central charge c = 1 and the full mass spectrum consists of states with dimensions M^2 = 1 2 ( m 2R + nR )_2 , (3.10)

where m labels the Kaluza-Klein modes and n the winding modes, which are both integer.

On the other hand, the stress-energy tensor of the field ϕ_1 is improved due to the background charge, and it is

T_1(z) = − 1 2 (∂ϕ_1)^2(z) + Q 2 ∂^2ϕ_1(z) . (3.11)

– 17 –

The corresponding primary fields are vertex operators of the general form V (z) = exp(qϕ_1(z)) with conformal dimensions equal to h = − 1 2 q(q + Q) (3.12)

with respect to T_1(z). Choosing appropriate values for the momenta and the background charge of the Liouville field ϕ_1, and fixing the periodicity of the field ϕ_2 as follows, q = l √ 2 k − 2 , Q = √ 2 k − 2 , R = √ kR_0 , (3.13)

where R_0 = 1/ √ 2 is the “self-dual” radius, we find that the net spectrum is the same as in equation (3.5) above. Similarly, identifications are worked out in the anti-holomorphic sector of the model.

The total stress-energy tensor of the conformal field theory (3.8) is

T (z) = T_1(z) + T_2(z) = − 1 2 (∂ϕ_1)^2(z) − 1 2 (∂ϕ_2)^2(z) + 1 √ 2(k − 2)

∂^2ϕ_1(z) (3.14)

with Virasoro central charge c = 2 k + 1 k − 2 , (3.15)

which is the same as for the coset model SL(2, R)_k / U(1). Therefore, the fields ϕ_1 and ϕ_2 can be used to provide a free field realization of the gauged WZW model, although the conformal field theory (3.8) is not meant to be equivalent to SL(2, R)_k / U(1). Also, as we will see later in section 5, the expression (3.14) provides the stress-energy tensor of the black-hole coset in terms of free fields that arise in the parafermionic construction of the underlying SL(2, R)_k current algebra, and it comes as no surprise that the two spectra coincide.

This construction suggests the rescaling of the Virasoro generators which is required before taking the limit of the theory at critical level. The infinite contribution of the background charge is removed by considering

T̃ (z) = lim_{k→2} (√ 2(k − 2)T (z) ) = ∂^2ϕ_1(z) , (3.16)

which satisfies the simplified operator product expansion

T̃ (z)T̃ (w) ∼ 1 (z − w)^4

, (3.17)

up to an overall (irrelevant) constant. The rescaling removes the infinity from the central charge of the Virasoro algebra, but the price to pay is the contraction of the Virasoro algebra to an abelian structure generated by the derivative of the U(1) current ∂ϕ_1. Thus, SL(2, R)_2 / U(1) is a singular conformal field theory, but otherwise it makes perfect sense as a quantum theory.

The rescaling (3.16) forces the constituent fields that appear in the free field realization of the SL(2, R)_k / U(1) coset model to decouple at critical level, since only ϕ_1 is contributing

– 18 – to T̃ (z). The decoupling of the Liouville field ϕ_1 is also reflected in the rescaled form of the conformal dimensions that follow by multiplying (3.7) with √ k − 2. The first term still grows large as 1/ √ k − 2, whereas the contribution of ϕ_2 goes to zero as √ k − 2. Disregarding the very heavy states associated to the Liouville field, we obtain a tensionless model where gravity plays no role, but there is still some non-trivial structure associated to the field ϕ_2 that remains behind. It is our purpose to investigate some aspects of the residual theory in a more systematic way.

In addition, as we will see in section 5, the SL(2, R)_k current algebra admits a free field realization in terms of three scalar fields, using the parafermionic construction of the SL(2, R)_k / U(1) coset plus one extra boson. A degeneration takes place at k = 2, since one of the two bosons that parametrize the parafermions of the coset decouples naturally from the rest. In this case, SL(2, R)_2 makes perfect sense without need for rescaling of the affine currents, but the Sugawara construction is singular; it provides extra reason to believe that gravity plays no role in the tensionless limit. As for the remaining field, it assumes a non-geometric role in the exact description of the coset model. This unexpected reduction should also be held responsible for the null states that arise in the representation theory of the SL(2, R)_k algebra at k = 2.

Finally, we also note for completeness that there is a rescaling of the Liouville field ϕ_1,

ϕ̃(z) = √ 2(k − 2) ϕ_1(z) , (3.18)

which can be consistently implemented in SL(2, R)_k and SL(2, R)_k / U(1) and leads to the following expression for the rescaled Virasoro operator

T̃^′(z) = lim_{k→2} (2(k − 2)T (z)) = −1 2 (∂ϕ̃)^2(z) + ∂^2ϕ̃(z) (3.19)

at critical level. In this case, ϕ̃ can be viewed as a null boson with

⟨ϕ̃(z)ϕ̃(w)⟩ = 0 , (3.20)

and as a result T̃^′(z)T̃^′(w) ∼ 0 (3.21)

without having singular terms. Then, T̃^′(z) is strictly abelian, unlike (3.17), and it provides the central elements in the enveloping algebra of SL(2, R)_k , which are non-trivial only for k = 2. This rescaling is consistent but contrary to the previous case the resulting null field ϕ̃ does not decouple from the operators of the WZW model at critical level. The systematic study of this limit also proves interesting in many respects as it connects quite naturally the Casimir (3.19) with the hamiltonian of completely integrable quantum spin chains, [42]. These issues will not be discussed here but in forthcoming publications.

3.3 Kac-Kazhdan determinant formula

We complete our general discussion by including the Kac-Kazhdan determinant formula for the highest weight representations of the SL(2, R)_k current algebra and the corresponding determinant of the inner product of states of the coset module SL(2, R)_k / U(1), [43]; see

– 19 – also [44] for a more comprehensive discussion of the subject. It offers a complementary understanding of the huge degeneracy that is expected to arise at critical level for the algebra as for the coset space model.

Let us consider the holomorphic sector of the current algebra and denote by D_N the determinant of inner products of all states in the highest weight module which are lying at a given L^{SL(2,R)}

0 level N with J^3_0 charge equal to m; the anti-holomorphic sector will not be discussed, but it can be treated in a similar way. Clearly, the individual inner products of states depend on m and k, as well as the value of the Casimir operator C_2. It is convenient to define the operators

J_{+n} = C_2 + (m + n − 1)(m + n) , J_{−n} = C_2 + (m − n + 1)(m − n) (3.22)

for all n > 0. Then, for general values of k, the determinant assumes the form

D_N = (−1)^{r3(N)}C_N (k − 2)^{r3 (N)} N∏ n=1 (J_{−n}J_{+n})^{P3(N,n)} ×

× N∏ r,s=1 ( C_2 + 1 4 (r(k − 2) + s + 1) (r(k − 2) + s − 1) )_{p3(N−rs)} , (3.23)

where C_N is a positive numerical constant and r, s are constrained so that rs ≤ N. The exponents are all positive but their exact form is not very important in the present work. Note that the determinant vanishes at k = 2, as noted before, due to the appearance of many null states.

The determinant formula for the representations of the coset model can also be found using the factorization

D_N = N∏ q=0 D^{(q)}_N , (3.24)

where D^{(q)}_N denotes the determinant of inner products of states at level N of the SL(2, R) representation which are at level q of the U(1) current algebra. According to this rearrangement, D^{(0)}_N provides the determinant of inner products of states in the coset space module, which is of interest here, and it assumes the following form

D^{(0)}_N = C^′_N ( 1 − 2 k )_{r2(N) N}∏ n=1 (J_{−n}J_{+n})^{P2(N,n)} ×

× N∏ r,s=1 ( C_2 + 1 4 (r(k − 2) + s + 1) (r(k − 2) + s − 1) )_{p2(N−rs)} , (3.25)

where C^′_N is another positive numerical constant, rs ≤ N, and the exponents are appropriately chosen as before. Note that the factors appearing in the first line are all positive when k > 2 and C_2 is taken in the continuous series representations, whereas the factors in the second line are positive when k > 2 and C_2 > 0. Thus, the determinant of the coset module is always positive for the continuous series representations provided that k > 2,

– 20 – which is required for unitarity. In the tensionless limit we only have to consider continuous series representations, since the unitarity bound (3.6) squeezes all discrete representations, but the determinant also vanishes in this case.

In summary, for unitary highest weight representations all states have strictly positive norm and there are no non-trivial null states when k > 2. When the level of the SL(2, R)_k algebra becomes critical many null states make their appearance and lead to huge degeneracies of the spectrum.

4. Liouville field and null gauging

The background of a two-dimensional black-hole provides a classical solution of the same theory that describes a Liouville field coupled to c = 1 matter. The c = 1 matrix model superficially has a one-dimensional target space, as it appears in its initial formulation, but in fact it is more naturally understood in terms of a two-dimensional space, [45], where the extra dimension is provided by the Liouville mode. In view of this correspondence, the radial variable r of the coset model can be interpreted as Liouville field, which is always space-like in either euclidean or lorentzian version of the model. The relation becomes very clear in the weak coupling region r → ∞, where the string coupling exp(−Φ) tends to zero and the dilaton grows linearly as Φ ∼ r. Thus, in this region, the geometry of the black-hole is asymptotic to the two-dimensional geometry of the c = 1 matrix model, but their equivalence is not valid everywhere.

The precise relation between the two models is better understood by revisiting the interpretation of a (non-critical) string theory in d − 1 dimensions as a string theory in d dimensions with the extra dimension being provided by the Liouville field,^3 as in the c = 1 matrix model. Following [32], we note that the reverse map exists only if the gradient of the dilaton field of a d-dimensional model has the same space-time character with the Liouville coordinate; in this case, the extra coordinate can be gauged away, using conformal transformations, and one arrives at a lower dimensional model, as it can be easily seen from the modified transformation law of the target space variables δX^μ ∼ G^{μν} ∇_ν Φ to lowest order in α^′. However, if the gradient of the dilaton changes character or if it becomes singular at certain points, the reverse map will break down. This is precisely the situation we encounter for the two-dimensional coset model and as a result the black-hole cannot be regarded as a theory of c = 1 matter coupled to two-dimensional (Liouville) gravity. This, in turn, suggests that the theory which remains after the decoupling of gravity in the tensionless limit of the coset model is not c = 1 matter in isolation; instead it is a variant of it or an exotic phase thereof, which is still poorly understood. We will briefly return to it in section 6, where the symmetries of the model will be represented as fermion bilinears and compared to the usual W_{1+∞} symmetry of the ordinary c = 1 matrix model.

3This relation is usually stated for critical strings in d dimensions, although here we want eventually to apply it to tensionless models where there is no notion of criticality; likewise, the conformal symmetry degenerates in the tensionless limit and cannot be employed in the argument. These issues introduce complications that invalidate the effective field theory description and they will not be addressed properly in the present context.

– 21 –

Next, in order to understand the role of the Liouville field in the tensionless limit, we consider the null gauging of WZW models. Equivalently, the same theory is obtained by making an infinite boost in the Lie algebra of SL(2, R). In this case, we will find that the target space geometry exhibits a drastic reduction to only one dimension, which is always space-like and corresponds to the radial coordinate r. Then, since we are committed to interpreting the Liouville field as a spatial coordinate of the black-hole geometry and not as a (euclidean) time variable, it follows that the null gauging of SL(2, R) captures the gravitational sector of the model that decouples when k = 2.

We proceed with some background material on the null gauging of WZW models for non-compact groups, putting the emphasis on SL(2, R)_k ; examples with higher rank groups will be presented later in section 8. It is well known that the group SL(2, R) has three different conjugacy classes of subgroups that are isomorphic either to the group of rigid rotations in two dimensions, SO(2), or the Lorentz group SO(1, 1), or the isotropy group of light-like vectors, E(1), which in this case coincides with the euclidean group in one dimension. Their generators are iσ_2, σ_3 and σ^+ = σ_3 + iσ_2, respectively, but in the latter case the generator is nilpotent since (σ^+)^2 = 0. The standard gauging of the SL(2, R) WZW model is taken either with respect to the group SO(2) or SO(1, 1), thus giving rise to the euclidean or lorentzian two-dimensional black-hole cosets. The null gauging was also considered in the literature before, [46, 47, 48], by forming the SL(2, R)_k /E(1) WZW model, and a striking result was found, at least at it appears at first sight, namely that the classical target space geometry degenerates to one dimension. The result follows easily by applying the usual prescription for axial or vector gauging of the corresponding subgroup E(1).

Let us consider the action of WZW models and discuss first their axial gauging. Using the standard parametrization of the SL(2, R) group elements g in the fundamental representation, g = ( a u −v b ) ; ab + uv = 1 , (4.1)

we fix the gauge by choosing a + b = 0. The parameters χ = u − v , w = a − b − u − v (4.2) remain invariant under axial transformations and provide a gauge invariant parametrization of the coset space SL(2, R)/E(1). Then, the action of the gauged WZW model assumes the form S(g; A, Ā) = k 2π ∫ d^2z ( ∂w ¯∂w w^2 − 1 w^2 | A + 1 2w^2 (χ∂w − w∂χ) |^2 ) , (4.3)

which after the integration of the gauge fields yields the following metric and dilaton fields

ds^2 = k ∂w ¯∂w 2w^2

, Φ = 2 log w (4.4)

in the large k limit. Finally, introducing a scalar field ϕ, so that w = ± exp ϕ, depending

– 22 – on the sign of w, one arrives at the one-dimensional theory in target space S = k 2π ∫ d^2z ( ∂ϕ ¯∂ϕ ) + 1 4π ∫ d^2z √ gRϕ , (4.5) which includes the contribution of a linear dilaton and describes the action of a free scalar field with background charge. This is the theory of a Liouville field with zero cosmological constant, whereas the other field χ decouples from the geometry and it does not appear in the action.

We also note for completeness that the vector gauging proceeds in a similar way by making the gauge choice u − v = 0 and then using the two gauge invariant parameters w and a + b to describe the coset. By eliminating the gauge fields, the same reduction occurs in target space, as before, and the classical geometry of the vector gauged SL(2, R)_k /E(1) model is described again by the effective action (4.5). Thus, the end result is insensitive to the gauging prescription, which appears to be self-dual with respect to T -duality transformations, and there is a drastic dimensional reduction in target space.

The same result admits an interesting group theoretic description by boosting the subgroup H that appears in ordinary gauged models to very large Lorentz factor, as an alternative to null gauging. For the simplest class of SL(2, R)_k models, let us consider the transformation

σ_1(β) = e^{−βσ1} σ_1e^{βσ1} = σ_1 , iσ_2(β) = e^{−βσ1} iσ_2e^{βσ1} = (sinh 2β)σ_3 + (cosh 2β)iσ_2 , σ_3(β) = e^{−βσ1} σ_3e^{βσ1} = (cosh 2β)σ_3 + (sinh 2β)iσ_2 , (4.6)

which introduces a boost with parameter β,

tanh 2β = v c . (4.7)

It describes a Lorentz transformation in the Lie algebra of SL(2, R) ≃ SO(2, 1) when there are two frames moving perpendicular to the spatial direction σ_1 with relative velocity v. As β ranges from 0 to infinity, iσ_2(β) interpolates smoothly between iσ_2(0) = iσ_2 and iσ_2(∞), which becomes proportional to the nilpotent element σ^+. Likewise, σ_3(β) interpolates between σ_3 and σ^+ as β ranges from 0 to infinity. Thus, one may use the group generated by iσ_2(β) to gauge the SL(2, R)_k WZW model and obtain the geometry of SL(2, R)_k /E(1) in the infinite boost limit of the usual black-hole coset model. This prescription refers to the euclidean black-hole coset by boosting the compact subgroup generated by iσ_2, whereas the lorentzian model can be treated similarly provided that one boosts the generator of the non-compact subgroup σ_3(β). In either case, one arrives at the same description of the coset model SL(2, R)_k /E(1) in terms of the Liouville field (4.5) which is always space-like and independent of the axial or vector gauging.

The gauging of the action can be worked out in detail for all values of β in order to obtain a systematic expansion of the target space geometry in powers of exp(−4β) for the boosted abelian subgroup. More precisely, using

iσ_2(β) = 1 2 e^{2β} ( σ^+ − e^{−4β} σ^− ) , (4.8)

– 23 – the action for the boosted model is written in the form

S(g; A, Ā) = S_{WZW} − k 2π ∫ d^2z Tr ( Aσ^+ ¯∂gg^{−1} ± Āσ^+g^{−1}∂g ± AĀσ^+gσ^+g^{−1} ) + + k 2π e^{−4β} ∫ d^2z Tr ( Aσ^− ¯∂gg^{−1} ± Āσ^−g^{−1}∂g± ±AĀ(σ^−gσ^+g^{−1} + σ^+gσ^−g^{−1} ± 2) ) ∓ ∓ k 2π e^{−8β} ∫ d^2z Tr ( AĀσ^−gσ^−g^{−1} ) , (4.9)

using the nilpotent elements σ^+ = σ_3 +iσ_2 and σ^− = σ_3 −iσ_2. Here, the ± signs refer to the axial and vector gauging, respectively, which are both treated together. Also, A and Ā are rescaled appropriately to absorb the factor exp 2β, which appears in the definition of the boosted generator and becomes infinite when β → ∞. Fixing the gauge and performing the integration over the fields A and Ā, the effective action turns out to be (4.5) plus subleading terms of order O(exp(−4β)) that account for the coupling of the other field χ. Further details can be found in the literature, [46, 47, 48].

The action that results in this case describes the classical geometry of the coset SL(2, R)_k /E(1) when k tends to infinity. Quantum corrections will also change k to k − 2, as it is customary in WZW models, but there are no other modifications since the geometry of target space is one-dimensional. Rescaling ϕ with √ (k − 2)/2, so that the corrected kinetic term of Liouville theory (4.5) becomes canonically normalized, the linear dilaton term gives rise to the stress-energy tensor (3.11) with background charge Q = √ 2/(k − 2) that becomes infinite as k approaches 2. Thus, null gauging selects only the Liouville sector of the black-hole coset and provides the effective description of the radial coordinate r associated to the generator σ_1. On the other hand, the tensionless limit of the ordinary gauged WZW model exhibits a non-trivial structure after the decoupling of Liouville field, but its form appears to be non-geometric. The algebraic structure of the residual SL(2, R)_2 / U(1) model will be examined later using the world-sheet formulation of two-dimensional cosets.

We conclude this section with a few remarks that will further clarify the meaning of the infinite boost in the Lie algebra of non-compact WZW models from different points of view. We first consider the ungauged non-compact WZW model and explain how null strings arise by accelerating its semi-classical solutions to very high Lorentz factor. Then, the quantization of classical null strings can be attempted as usual, [2, 3], but their theory cannot capture the properties of the SL(2, R)_2 model which is taken directly at the quantum level. We will also consider the gauged WZW model SL(2, R)_k / U(1) and compare different limits that describe high energy strings.

Recall that the SL(2, R)_k WZW model admits short and long string solutions using the spectral flow of different geodesics in AdS_3, [39, 41]. Short strings correspond to time-like geodesics which are described by group elements g = U ( cos(ατ) sin(ατ) − sin(ατ) cos(ατ) ) V (4.10)

where U, V belong in SL(2, R) and τ is the world-sheet time coordinate; if U = V = 1, the

– 24 – solution represents a particle sitting at the center of AdS_3. Their monodromy matrix is M = ( cos(απ) sin(απ) − sin(απ) cos(απ) ) ∈ SO(2) (4.11)

and belongs to the elliptic conjugacy class of SL(2, R) generated by iσ_2.

On the other hand, long strings correspond to space-like geodesics which are described by group elements g = U ( e^{ατ} 0 0 e^{−ατ} ) V (4.12)

where U, V belong in SL(2, R); if U = V = 1, the solution is a straight line cutting the space-like section t ≡ θ̃ = 0 of AdS_3 diagonally. In this case, their monodromy matrix is M = ( e^{απ} 0 0 e^{−απ} ) ∈ SO(1, 1) (4.13)

and belongs to the hyperbolic conjugacy class of SL(2, R) generated by σ_3.

Since both elements iσ_2 and σ_3 are transformed to σ^+ by performing a boost (4.6) with very high Lorentz factor, we find that the monodromy matrices (4.11) and (4.13) correspond to the parabolic conjugacy class E(1) of SL(2, R) which arises by contraction in either case. As a result, there is no distinction between short and long strings since they both correspond to null geodesics in AdS_3 when β → ∞. Thus, null strings make their appearance as spectral flows of geodesics in the SL(2, R) model in the limit that all string solutions are speeding with infinitely large Lorentz factor.^4 It should be noted in this context that the spectral flow stretches a geodesic solution in the time direction (parametrized by θ̃) by adding wτ and rotates it around the center r = 0 of AdS_3 by adding wσ to the angular coordinate θ. The resulting classical solutions depend on the spatial world-sheet coordinate σ and describe circular strings that wind w times around the center of the space. For null strings, however, the world-sheet is degenerate and every point moves independently along a null geodesic, [1, 7], as the speed of light on the world-sheet becomes effectively zero. This will be possible only if the corresponding semiclassical solutions have w = 0 so that there is no σ dependence. Put differently, the spectral flow is not a symmetry of the SL(2, R)_k model when the generators of the Lie algebra (4.6) are infinitely boosted, which also explains why the Hilbert space of WZW model does not contain states other than the long and short strings associated to the spectral flow of the continuous and discrete representations. In any case, we will not attempt to discuss the quantization of classical null strings, as the approach we are following here is taken directly at the quantum level of WZW models and the results are expected to be different: the current algebra SL(2, R)_2 still exhibits the symmetry of spectral flow in the quantum tensionless limit and the world-sheet never becomes degenerate in our approach.

4As such they should be compared to the ultra-relativistic limit of rotating strings in AdS3 × S^3, which become effectively tensionless in the limit of large angular momentum in S^3, [49], and have applications to weakly coupled Yang-Mills theory within the AdS/CFT correspondence.

– 25 –

Next, passing to the coset model SL(2, R)_k / U(1), we observe that only the spatial direction σ_1 survives when β → ∞, since it is perpendicular to the direction of the boost and it remains unaffected. Thus, after all, it is not surprising that the null gauging yields a Liouville field for the radial coordinate r, which parametrizes the gravitational sector of the model. This reduction is quite different from the simplifications that arise in the vicinity of cosmological singularities, where the spatial points become causally disconnected and gravity reduces to one-dimensional system that depends only on time. Such a limit was studied extensively in four-dimensional gravity, following the original work of Belinski, Khalatnikov and Lifshitz (BKL), [50], but it also received attention in modern day string theory and in the small tension expansion of M-theory, [51]; alternatively, it can be viewed as a strong coupling limit of gravity so that the Planck mass becomes zero. In the BKL case, the bulk tensionless limit of the gravitational theories is defined in an ultra-relativistic way by letting the velocity of light in target space become zero. Then, time derivatives of fields dominate over their spatial gradients and they subsequently lead to an ultra-local reduction. As a result, the target space is parametrized by only one coordinate, which is clearly time-like for space-times with lorentzian signature; the same limit can also arise in spaces with euclidean signature, upon analytic continuation, but the variable that remains cannot be interpreted as the radial coordinate r.

It is instructive to study the difference between the two reductions in the context of high energy strings. Recall that there are two different ways to obtain a string of very high energy: either accelerate an ordinary microscopic string to very high Lorentz factor or stretch it to become very large of macroscopic size. However, not both of them correspond to the tensionless limit. The first case yields ultra-relativistic strings which are always tensionless as in the BKL limit. The tensionless limit also describes high energy strings which propagate in spaces with compact spatial directions because their size is bounded from above; as a result, the kinetic energy dominates the contribution of their tension and the strings become effectively tensionless in the high energy limit. However, for string propagation in non-compact spaces, the contribution of their tension can also grow large without bound and turn to macroscopic objects at very high energies. Clearly, in this case, the high energy limit is not ultra-relativistic and the strings do not behave as tensionless objects.

With this in mind, we may now look at string configurations in the semi-classical geometry of a two-dimensional black-hole (or AdS_3 for the same matter). The radial variable r parametrizes the non-compact spatial direction and high energy strings can also stretch to macroscopic size. There is no other way to describe tensionless high energy strings in these models but decouple the radial degree of freedom from the remaining variables. This provides a classical prescription that prevents the appearance of macroscopic high energy strings, but need not be always appropriate to use for addressing questions in quantum WZW models at critical level. However, it helps to explain the physical difference between the two dimensional reductions — BKL versus null gauging — and provides an intuitive (yet classical) way to think about the decoupling of gravity in the tensionless limit of WZW models. Of course, this decoupling also arises in the tensionless limit of the quantum theory, since otherwise the conformal dimensions (3.7) receive contributions from the Liouville field that become infinite at k = 2.

– 26 –

5. World-sheet symmetries of the SL(2, R)_k / U(1) coset

In this section we outline the construction of an infinite dimensional chiral algebra, which acts as extended world-sheet symmetry of the gauged WZW model SL(2, R)_k / U(1) for all k ≥ 2. The results we present here are based on earlier work using the concept of non-compact parafermions and their free field realization in terms of two scalar fields with background charge. We arrive at a rather complicated algebraic structure that simplifies considerably in two special limits, as k → ∞ and k → 2. We first review the essential details of our working framework, using the parafermion currents to define the W -algebra of coset models, and then apply the results to the tensionless limit where it is found that the world-sheet symmetry is a higher spin truncation of the algebra W_∞ with spin s ≥ 3. In this case, the Virasoro algebra decouples consistently from all commutation relations, and contracts to an abelian structure. In the other limit, k → ∞, the symmetry algebra of the model is W_∞, which is generated by all integer spins s ≥ 2. Thus, the interpolation between the two algebraic structures may be used further to provide a systematic algebraic framework for studying the role of 1/α^′ corrections in gauged WZW models.

5.1 Parafermions and W-algebras The two-dimensional conformal field theories of gauged WZW models contain a collection of chirally conserved currents ψ_l(z), and their hermitean conjugates ψ^†_l (z) = ψ_{−l}(z), which are semi-local fields that interpolate between bosons and fermions. In particular, the parafermion currents ψ_l(z), and their anti-holomorphic partners ψ̄_l(z̄), have fractional conformal dimensions which are determined by the mutual locality exponent with respect to the monodromy properties of their correlation functions. Parafermion algebras were first introduced in the simplest family of SU(2)_N / U(1) models, [29], which have a Z_N symmetry that accounts for their charges; here l = 0, 1, . . . , N −1 and ψ_0(z) = ψ^†_0(z) = 1. In this case, the central charge of the Virasoro algebra is c_ψ = 2(N −1)/(N +2) and ranges from 1/2 to 2, as N assumes all integer values 2, 3, . . . which are allowed by unitarity. Their introduction proves advantageous for the systematic description of all primary fields on group manifolds and their cosets, such as SU(2)_N and SU(2)_N / U(1), since the two classes of conformal field theories are related to each other by subtracting and then adding back free bosons. At the same time, parafermions can also be used to construct unitary representations of the N = 2 superconformal algebra with central charge c = 3N/(N + 2) = c_ψ + 1.

The basic structure of the parafermion algebra is described by the operator product expansions, [29],

ψ_{l1} (z)ψ_{l2} (w) = C_{l1,l2} (z − w)^{Δl1+l2 −Δl1 −Δl2} (ψ_{l1+l2} (w) + O(z − w)) , (5.1) ψ_{l1} (z)ψ^†_{l2} (w) = C_{l1,−l2−k}(z − w)^{−2Δl}2 (ψ_{l1−l2} (w) + O(z − w)) , (5.2)

ψ_l(z)ψ^†_l (w) = (z − w)^{−2Δl} ( 1 + 2Δ_l c_ψ (z − w)^2T_ψ(w) + O(z − w)^3 ) (5.3)

where C_{l1,l2} are appropriately chosen structure constants determined by associativity. Also, Δ_l is the conformal dimension of ψ_l(z) and ψ^†_l (z), which equals to l(N −l)/N in the simplest case of the SU(2)_N / U(1) WZW model. It is also implicitly assumed that l_1 > l_2 in the

– 27 – operator product expansion (5.2). The operator product expansion (5.3), ψ_l(z)ψ^†_l (w), gives rise to the stress-energy tensor T_ψ with central charge c_ψ, as well as to a collection of other chiral currents with integer spin that appear to higher orders in the power series expansion. These currents, in turn, form the extended conformal algebra of the model, which is known as W -algebra; for example, the W -algebra of the coset SU(2)_N / U(1) is generated by chiral fields with integer spin 2, 3, . . . , N and it is denoted by W_N . Further generalizations to higher dimensional coset models are also known, but their structure is more intricate for non-abelian gauging. The commutation relations of W -algebras are in general non-linear. For a collection of papers on the subject, see, for instance, [52].

Here, we are mainly concerned with the generalization of parafermions to non-compact groups, such as SL(2, R)_k , and the construction of the W -algebra of the corresponding coset model SL(2, R)_k / U(1) for all k ≥ 2; special emphasis will be placed later in the particular limit k = 2. Recall that non-compact parafermions were initially introduced as a tool to break the c = 3 barrier of the N = 2 superconformal algebra and construct unitary representations with c > 3 from the SL(2, R)_k algebra by subtracting and then adding back a free boson, [44, 53, 54]. We may formally pass from the compact to the non-compact coset by letting N = −k with k ranging continuously from 2 to infinity. In this case, the number of independent parafermion fields ψ_l(z) is infinite, as there is no Z_N symmetry to truncate the number of their components to N −1. Also, the operator product expansions (5.1)–(5.3) can be extended to the non-compact model in a straightforward way, setting Δ_l = l(k + l) k (5.4) and c_ψ = 2 k + 1 k − 2 . (5.5)

These expressions follow from the corresponding values of the SU(2)_N / U(1) coset model by changing N to −k, and likewise for the structure constants of the parafermion algebra, which are determined to be C_{l1,l2} = ( Γ(k + l_1 + l_2)Γ(k)Γ(l_1 + l_2 + 1) Γ(l_1 + 1)Γ(l_2 + 1)Γ(k + l_1)Γ(k + l_2) )_{1/2} . (5.6)

We also note that the operator product expansion of non-compact parafermion currents ψ_{l1} (z)ψ_{l2} (w), which is shown in equation (5.1), contains no singular terms, since the exponents Δ_{l1+l2} − Δ_{l1} − Δ_{l2} = 2l_1l_2/k are always positive; thus, the operators ψ_l(z) commute among themselves for all positive values of l = 0, 1, 2, 3, . . . Non-trivial commutation relations arise only among ψ_l(z) and their hermitean conjugate partners.

Clearly, the infinitely generated algebra of non-compact parafermions allows for c_ψ ≥ 2, and as a result the tensionless limit c_ψ → ∞ is reached by letting k → 2; this possibility does not arise for the compact coset model, since the central charge of its Virasoro algebra can never exceed the c_ψ = 2 barrier. The non-compact parafermion currents appear to have integer or half-integer dimensions in the tensionless limit, which are given by the special values Δ_l(k = 2) = 1 2 l(l + 2) ; l = 0, 1, 2, 3, . . . (5.7)

– 28 –

In reality, however, these conformal dimensions are all zero since the Virasoro algebra with infinite central charge contracts to an abelian structure by appropriate rescaling of the stress-energy tensor; it is a simple consequence of the singular nature of the conformal field theory SL(2, R)_k / U(1) at k = 2. In any case, experience with operator algebras suggests that the corresponding W -algebra should be linear. In fact, we will be able to determine its exact algebraic structure and show that it can be identified with a consistent higher spin truncation of W_∞, whereas the Virasoro algebra becomes abelian and it decouples naturally from the spectrum of the world-sheet currents. This decoupling can already be seen in equation (5.3), since the coefficient of the term T_ψ becomes zero as c_ψ → ∞; the same result holds after rescaling T_ψ by √ k − 2 in order to make sense of the tensionless limit as singular conformal field theory.

It is convenient to introduce free field realizations of the operators that arise in twodimensional conformal field theories in order to simplify calculations with abstract operator algebras and compute correlation functions. Thus, for the SL(2, R)_k / U(1) model, we introduce two free scalar fields {ϕ_i(z); i = 1, 2} and represent the parafermion currents ψ_1(z) and ψ_{−1}(z) as follows, [44, 53],

ψ_{±1}(z) = 1 √ 2k ( ∓ √ k − 2∂ϕ_1(z) + i √ k∂ϕ_2(z) ) exp ( ±i √ 2 k ϕ_2(z) ) (5.8)

for all k ≥ 2. The fields ϕ_i(z) are both space-like with two point functions

⟨ϕ_i(z)ϕ_j (w)⟩ = −δ_{ij} log(z − w) . (5.9)

The expressions (5.8) follow from the realization of SU(2)_N / U(1) parafermion currents in terms of two free scalar fields, using the formal continuation N → −k. The higher parafermion currents ψ_l(z) also admit free field realizations, but their exact description will not be needed in the present work.

The parafermion algebra can be converted into the SL(2, R)_k current algebra by introducing operators

J^±(z) = √ kψ_{±1}(z) exp ( ± √ 2 k χ(z) ) , J^3(z) = − √ k 2 ∂χ(z) , (5.10)

which dress the parafermions with the addition of an extra free scalar field χ(z); likewise, there is a parafermionic construction of the N = 2 superconformal algebra, [44]. We have, in particular, the operator product expansions^5

J^+(z)J^−(w) = k (z − w)^2 − 2 J^3(w) z − w , J^3(z)J^±(w) = ±

J^±(w) z − w , J^3(z)J^3(w) = − k/2 (z − w)^2

, (5.11)

5There are two different ways in the literature to define the currents J^± by considering J^1 ± iJ^2 or iJ^1 ∓ J^2 . Their hermiticity properties are different and likewise the hermiticity properties of the corresponding parafermions ψ±1 are also different.

– 29 – which provide a free field realization of the SL(2, R)_k current algebra in terms of three scalar fields ϕ_1(z), ϕ_2(z) and χ(z). In this case, the stress-energy tensor of the coset model SL(2, R)_k / U(1), which arises in the operator product expansion ψ_1(z)ψ^†_1(w), is realized in terms of two free scalar fields, as

W_2(z) ≡ T_ψ(z) = − 1 2 (∂ϕ_1)^2 − 1 2 (∂ϕ_2)^2 + 1 √ 2(k − 2)

∂^2ϕ_1 , (5.12)

where one of them, denoted by ϕ_1(z), appears with background charge and accounts for the value (5.5) of the central charge of the Virasoro algebra for all k. Note that the expression (5.12) coincides with the stress-energy tensor (3.14) that was introduced earlier in our discussion of the spectrum.

Following the bootstrap method of conformal field theory, we define the primary higher spin generators W_s(z) of the extended conformal operator algebra of the model SL(2, R)_k / U(1), using the expansion, [55],

ψ_1(z + ϵ)ψ_{−1}(z) = ϵ^{−2 k+1k} ( 1 + k − 2 k ( ϵ^2 + 1 2 ϵ^3∂ + 3 20 ϵ^4∂^2 + 1 30 ϵ^5∂^3 ) W_2(z) − − 1 4 ( ϵ^3 + 1 2 ϵ^4∂ + 1 7 ϵ^5∂^2 ) W_3(z) + + (6k + 5)(k − 2)^2 2k^2(16k − 17) ( ϵ^4 + 1 2 ϵ^5∂ ) : W^2_2 : (z) + + 1 32 ( ϵ^4 + 1 2 ϵ^5∂ ) W_4(z) −

(10k + 7)(k − 2) 4k(64k − 107) ϵ^5 : W_2W_3 : (z) − − 1 3 · 2^7 ϵ^5W_5(z) + O(ϵ^6) ) . (5.13)

Here, normal ordered products are defined, as usual, by subtracting the singular terms plus the finite terms that are total derivatives of lower dimension operators appearing in the operator product expansion. Then, using the free field realization of the parafermion currents ψ_{±1}(z), we can obtain explicit expressions for the higher spin generators in terms of two free fields for all values of k. Of course, the case k = 2, which is relevant in the tensionless limit, is special because the parafermion currents (5.8) are realized in terms of one scalar field only, ϕ_2, and likewise for the resulting higher spin generators W_s(z); this case will be treated separately later.

We may extract the higher spin generators and compute their operator product expansions in order to identify the structure of the resulting W -algebra for all values of k. We will follow the general construction presented in reference [55]. The spin 3 operator turns out to be

W_3(z) = 2i √ 2 k ( 3k − 4 3k (∂ϕ_2)^3 + 1 6 ∂^3ϕ_2 + k − 2 k (∂ϕ_1)^2∂ϕ_2 +

+ k − 2 k √ k − 2 2 ∂^2ϕ_1∂ϕ_2 − √ k − 2 2 ∂ϕ_1∂^2ϕ_2 ) , (5.14)

– 30 – which yields the following operator product expansion with itself

W_3(z + ϵ)W_3(z) = 16 3 (k + 1)(k + 2)(3k − 4) k^3 1 ϵ^6

+ 16

(k + 2)(k − 2)(3k − 4) k^3 × × ( 1 ϵ^4 + 1 2 ∂ ϵ^3 + 3 20 ∂^2 ϵ^2 + 1 30 ∂^3 ϵ ) W_2(z) + 2 2k − 3 k ( 1 ϵ^2 + 1 2 ∂ ϵ ) W_4(z) +

+2^7

(k + 2)(3k − 4)(k − 2)^2 k^3(16k − 17) ( 1 ϵ^2 + 1 2 ∂ ϵ ) : W^2_2 : (z) . (5.15)

Here, W_4(z) is the primary spin 4 operator which is defined by the parafermionic operator product expansion (5.13), and it turns out to be

W_4(z) = −

4(3k − 4) k^2(16k − 17) ( (k − 12)(2k − 1)(∂ϕ_2)^4 − 2(2k^2 + 2k + 3)(∂^2ϕ_2)^2 ) − − 4(k − 2) k^2(16k − 17) ( 8(k^2 − k + 1) ( ∂ϕ_2∂^3ϕ_2 + ∂ϕ_1∂^3ϕ_1 ) + (k − 2)(6k + 5)(∂ϕ_1)^4 +

+ 6(2k^2 − 13k + 8)(∂ϕ_1)^2(∂ϕ_2)^2 − 2(6k^2 − 12k + 1)(∂^2ϕ_1)^2 ) + + 8 √ 2(k − 2) 3k^2(16k − 17) ( 3(k − 2)(6k + 5)(∂^2ϕ_1)(∂ϕ_1)^2 − 6k(16k − 17)∂ϕ_1∂ϕ_2∂^2ϕ_2 +

+ 3(2k − 3)(19k − 8)∂^2ϕ_1(∂ϕ_2)^2 + (k^2 − k + 1)∂^4ϕ_1 ) . (5.16)

Higher spin generators and their operator product expansions can be constructed recursively in a similar fashion, using the free field realization of the parafermions ψ_{±1}(z), but their structure becomes quickly rather involved for all 2 < k < ∞.

For generic values of the Kac-Moody level k, it is very difficult to iterate the algorithm and extract the structure of the underlying W -algebra in closed form together with the free field realization of its higher spin generators. However, the boundary values k = 2 and k = ∞ are rather special, since many simplifications occur and the whole procedure becomes tractable. As we will see later, there are special quasi-primary bases of the W - algebra that remove all non-linear terms in a systematic way when k reaches its boundary values. This result is also closely related to the local character of the parafermion currents at k = 2 and k = ∞, since ψ_{±1}(z) are represented as derivatives of fermions and a boson, respectively. The details will be made available shortly.

Before we proceed further, let us recall a number of qualitative results which are known for arbitrary k by performing sample calculations with generators up to spin 5, [55]. First, the extended conformal symmetry of the SL(2, R)_k / U(1) coset model appears to be infinitely generated^6 by chiral operators W_s(z) with all integer spin s ≥ 2. Second, for

6It is natural to expect that the extended conformal symmetries of non-compact coset models are infinitely generated as they correspond to irrational conformal field theories. In these cases there are no finitely generated W -algebras whose representations can be used to organize the operator content in terms of a finite number of primary field blocks, unlike the simpler case of compact coset models. Likewise, the family of non-compact parafermions ψ_{±l}(z) is infinitely large, in contrast to the compact space parafermions, which form a finite family. It should be noted, however, that the W -algebra that arises here has null fields of spin s ≥ 6, and as a result it appears to be non-freely generated for all values of k, [56]. This occurrence is closely connected to the existence of non-trivial unitary quasi-free representations of W∞-type algebras, but we will not consider their implications any further.

– 31 – generic values of k, the resulting W -algebra is non-linear as there is no field redefinition that can bring it into a linear form. Thus, it is a non-linear deformation of the W_∞ algebra, with coefficients that depend on k; for this reason, the world-sheet symmetry of the black-hole coset is denoted by Ŵ_∞(k) for generic k. Third, we may formally extend the validity of the algebra Ŵ_∞(k) to all real values −∞ < k < +∞ and set k = −N, where N is any positive integer greater or equal than 2. Then, it appears that all higher spin generators with s > N become null, as it can be seen by considering the two-point functions ⟨W_s(z + ϵ)W_s(z)⟩. In this case, all generators with s > N can be consistently set equal to zero, thus rendering Ŵ_∞(k = −N) finitely generated and isomorphic to the algebra W_N . This result is also consistent with the formal relation between the two coset models SL(2, R)_k / U(1) and SU(2)_N / U(1) for k = −N. Thus, the algebra Ŵ_∞(k) is rather universal, as it can be viewed as a continuous generalization of the W_N algebras for all real values of the level k.

Within this general framework we also encounter the world-sheet symmetry of the tensionless non-compact coset model SL(2, R)_2 / U(1), which is clearly identified with Ŵ_∞(k = 2). The detailed description of its algebraic structure is one of the primary goals of the present work. At the same time, the non-linear algebra Ŵ_∞(k), which appears for generic values of k, provides a concrete framework for exploring the symmetries of the model at finite tension, and may offer an understanding of the exact nature of 1/α^′ corrections from the world-sheet viewpoint; it is an important problem with far reaching consequences that should be investigated in the future. Finally, we note for completeness that much larger symmetries may arise in the tensionless limit with Ŵ_∞(k = 2) being the smallest subalgebra of a much larger world-sheet symmetry group; for example, we may include all higher parafermion currents ψ_{±l}(z) and investigate whether they all form an enlarged symmetry group together with the higher spin generators W_s(z) at k = 2. Such generalizations are also lying beyond the scope of the present work.

The complete structure of the Ŵ_∞(k) algebra can be determined alternatively, without relying on the specific realization of the parafermion currents in terms of free fields, using the correlation functions of the elementary fields ψ_{±1}(z). Recall at this point the recursive relations among the parafermionic correlation functions,

⟨ψ_1(z_1) · · · ψ_1(z_n)ψ^†_1(w_1) · · · ψ^†_1(w_n)⟩ = = n∏ i=2 (z_1 − z_i)^{2/k} n∏ j=1 1 (z_1 − w_j)^{2/k} ×

× n∑ a=1 1 (z_1 − w_a)^2 − 2 k(z_1 − w_a) n∑ l=2 1 w_a − z_l − ∑ m≠a 1 w_a − w_m ×

× n∏ q=2 1 (z_q − w_a)^{2/k} a−1∏ p=1 (w_p − w_a)^{2/k} n∏ r=a+1 (w_a − w_r)^{2/k} ×

×⟨ψ_1(z_2) · · · ψ_1(z_n)ψ^†_1(w_1) · · · ψ̂^†_1(w_a) · · · ψ^†_1(w_n)⟩ , (5.17)

which determine all such 2n-correlation functions in terms of lower 2(n − 2)-correlators. They follow from the corresponding relations for the compact coset parafermions, [29], by

– 32 – setting k = −N. Then, since ⟨ψ_1(z)ψ^†_1(w)⟩ = 1/(z − w)^{2(k+1)/k} , as follows from equation (5.3), we easily obtain

⟨ψ_1(z_1)ψ^†_1(z_2)ψ_1(z_3)ψ^†_1(z_4)⟩ = ( z_{13}z_{24} z_{12}z_{14}z_{34}z_{23} )_{2/k} ( 1 z^2_{12}z^2_{34} ( 1 − 2 k z_{12}z_{34} z_{23}z_{24} ) + (z_2 ↔ z_4) ) , (5.18) where z_{ij} = z_i−z_j. Likewise, we may obtain explicit expressions for the six-point correlation functions and so on.

Using the parafermionic four-point correlation function (5.18), as well as the operator product expansion (5.13) that contains the chiral fields W_s(z) in power series, we may obtain the two-point correlation functions among the W -algebra generators

⟨W_2(z)W_2(0)⟩ = k + 1 k − 2 1 z^4 , ⟨W_3(z)W_3(0)⟩ = 16 3 (k + 1)(k + 2)(3k − 4) k^3 1 z^6 , ⟨W_4(z)W_4(0)⟩ =

2^{10}(k + 1)(k + 2)(k + 3)(2k − 1)(3k − 4) k^4(16k − 17) 1 z^8 , ⟨W_5(z)W_5(0)⟩ =

9 · 2^{15}(k + 1)(k + 2)(k + 3)(k + 4)(2k − 1)(5k − 8) 5k^5(64k − 107) 1 z^{10}

, (5.19)

and so on for all other higher spin fields. They account for the central terms appearing in the commutation relations of the non-linear algebra Ŵ_∞(k). Continuing further, we may compute the structure constants of the algebra that appear as coefficients in the singular terms of the operator product expansion W_s(z + ϵ)W_s′ (z) for all generators. This is achieved by considering the parafermionic six-point function ⟨ψ_1(z_1)ψ^†_1(z_2)ψ_1(z_3)ψ^†_1(z_4)ψ_1(z_5)ψ^†_1(z_6)⟩, which is naturally related to the three-point functions of W -generators when combined with the expansion (5.13). Unfortunately, although this procedure is straightforward, it is rather cumbersome to implement in all generality in order to extract the complete structure of Ŵ_∞(k) in closed form for arbitrary values of the level k. Thus, either way, the exact structure of the non-linear algebra Ŵ_∞(k) remains out of reach in all generality.

The remaining part of this section is devoted to the derivation of the linear structures that arise in the two special limits k → ∞ and k → 2. The first is already known in the literature and it will be only briefly discussed for completeness. The second is new and it appears here for the first time. Both limiting values will be given a systematic description in section 6 in the framework of W_∞-type algebras, [57, 58, 59, 60, 61].

5.2 W-algebra at k = ∞ The algebra Ŵ_∞(k) linearizes in the limit k → ∞, as it can be easily seen by introducing an appropriate quasi-primary basis for its higher spin generators. Note that in the large k limit the basic parafermion fields become local and they simplify to the U(1) currents

ψ_1(z) = i∂ϕ(z) , ψ_{−1}(z) = i∂ϕ̄(z) , (5.20)

where ϕ(z) is a complex free boson ϕ(z) = 1 √ 2 ∂(ϕ_2 + iϕ_1) . (5.21)

– 33 –

Then, their operator product expansion can be written in the form

ψ_1(z + ϵ)ψ_{−1}(z) = 1 ϵ^2 ( 1 + ∞∑ s=2 (−1)^s(2s − 1)!ϵ^s 2^{2(s−2)}(s − 1)!(s − 2)! ∞∑ n=0 (s + n − 1)!ϵ^n n!(2s + n − 1)!

∂^nW̃_s(z) )

(5.22) where W̃_s(z) are appropriately chosen quasi-primary generators that absorb all non-linear terms of the operator product expansion (5.13) as k → ∞.

The W -generators that result in this case are given by simple bilinear expressions in free field realization

W̃_2(z) = W_2(z) = −∂ϕ∂ϕ̄ , W̃_3(z) = W_3(z) = −2 (∂ϕ∂^2ϕ̄ − ∂^2ϕ∂ϕ̄) ,

W̃_4(z) = W_4(z) + 6 : W^2_2 : (z) = −16 5 ( ∂ϕ∂^3ϕ̄ − 3∂^2ϕ∂^2ϕ̄ + ∂^3ϕ∂ϕ̄ ) (5.23)

and so on. W̃_2(z) is the stress-energy tensor of the model with central charge equal to its classical value c = 2, whereas all other operators W̃_s(z) are higher spin currents with s = 3, 4, . . . More generally, it is known that the complete system of quasi-primary operators is given in the large k limit by the general expression, [58],

W̃_s(z) = 2^{s−3}s!

(2s − 3)!!(s − 1) s−1∑ k=1 (−1)^k ( s − 1 k )( s − 1 k − 1 ) ∂^kϕ∂^{s−k}ϕ̄ (5.24)

for all values of spin s ≥ 2. Obviously, the operator product expansion among these operators, W̃_s(z)W̃_s′ (w), leads to a linear algebra thanks to the bilinear form of the generators (5.24). The commutation relations can also be written in Fourier modes using the standard prescription

[W̃^s_n, W̃^{s′}_m ] = ∮ C_0 dw 2πi w^{m+s′−1} ∮ C_w dz 2πi z^{n+s−1}W̃_s(z)W̃_s′ (w) , (5.25)

where C_w is a contour around w and C_0 a contour around 0. The algebra that results in this case is denoted by W_∞ and its structure will be described in the next section together with several other technical details that are also relevant for the tensionless limit of the coset model.

5.3 W-algebra at k = 2

Next, we examine the structure of Ŵ_∞(k) when the level of the SL(2, R)_k algebra assumes its critical value, k = 2. In this case, the background charge of the ϕ_1 boson becomes infinite and appropriate rescaling of the stress-energy tensor is required in order to make the parafermionic Virasoro algebra well defined. We first rescale the operator W_2(z) shown in equation (5.12) by √ k − 2 and then take the limit k → 2, which leads to the identification W̃_2(z) ∼ ∂^2ϕ_1, as in equation (3.16) before. The rescaling amounts to an abelian

– 34 – contraction of the Virasoro algebra, since W̃_2(z) is the derivative of a U(1) current with W̃_2(z + ϵ)W̃_2(z) ∼ 1/ϵ4. Introducing Fourier modes

L̃_n = 1 2πi ∮ 0 dzW̃_2(z)z^{n+1} × { 1/n , for n ≠ 0 , 1 , for n = 0 ,

(5.26)

which are also conveniently rescaled by n, we arrive at the U(1) current algebra

[L̃_n, L̃_m] = nδ_{n+m,0} (5.27)

that replaces the Virasoro algebra of the coset model at k = 2. It is realized by the field ϕ_1 alone.

On the other hand, the parafermion currents simplify at k = 2 and they assume the following form

ψ_{±1}(z) = i √ 2 ∂ϕ_2(z)e^{±iϕ2 (z)} . (5.28)

These currents depend only on the scalar field ϕ_2(z) and they are well defined without the need for rescaling. Then, their operator product expansion gives rise to W -generators, as usual, but they do not contain the stress-energy tensor in the spectrum. The decoupling arises from the independence of ψ_{±1}(z) from ϕ_1(z), whereas W̃_2(z) depends only on it. It can also be seen directly from the operator product expansion of the parafermions (5.13), where the rescaling of W_2(z) by √ k − 2 eliminates all W_2-dependent terms when k → 2.

Then, in this limit, we claim that the operator product expansion (5.13) can be written in a simpler form, which is analogous to the expansion (5.22),

ψ_1(z + ϵ)ψ_{−1}(z) = 1 ϵ^3 ( 1 + ∞∑ s=3 (−1)^s(2s − 1)!ϵ^s 2^{2(s−2)}(s − 1)!(s − 2)! ∞∑ n=0 (s + n − 1)!ϵ^n n!(2s + n − 1)!

∂^nW̃_s(z) ) , (5.29) using a new system of appropriately chosen generators W̃_s(z) for all s ≥ 3. This basis is constructed by absorbing all composite W -operators that arise in the operator product expansion (5.13), as for the large k limit.

It is important to realize in this context that the parafermion currents ψ_{±1}(z) become total derivatives of a more elementary system of free fermions with components (Ψ, Ψ̄), which are defined to be

Ψ(z) = e^{−iϕ2(z)} , Ψ̄(z) = e^{iϕ2(z)} (5.30)

with two-point function

⟨Ψ(z)Ψ̄(w)⟩ = 1 z − w = ⟨Ψ̄(z)Ψ(w)⟩ . (5.31)

In reality they form the components of a fermionic ghost and conjugate ghost system with

– 35 – dimension 1/2. Then, for k = 2, the operator product expansion of the conjugate fields

ψ_1(z) = 1 √ 2 ∂Ψ̄(z) , ψ_{−1}(z) = − 1 √ 2 ∂Ψ(z) (5.32)

can only give rise to fermion bilinears, in close analogy with the boson bilinears that arise in the operator product expansion of the parafermions for k → ∞. As a result, it is also expected here that the operator product expansion of the new currents W̃_s(z) will lead to an infinite dimensional algebra with linear commutation relations. Its structure will be subsequently determined by extracting the exact form of W̃_s(z) as fermion bilinears and computing their operator product expansions using the two-point function (5.31). Equivalently, we may first bosonize the complex fermions using a free scalar boson ϕ_2, as given by the defining relations (5.30), and express all formulae in terms of ϕ_2.

We summarize below the result of the computations that were performed in this case. We have the following realization of the W -generators as fermion bilinears

W̃_s(z) = 2^{s−4}(s + 1)!

(2s − 3)!!(s − 1) s−3∑ k=0 (−1)^k ( s − 1 k )( s − 1 k + 2 ) ∂^{k+1}Ψ̄∂^{s−k−2}Ψ(z) (5.33)

for all s ≥ 3, which are obtained by taking into account the normalizations appearing in equation (5.29) above. The lowest lying field is W̃_3(z) = 2∂Ψ̄∂Ψ(z), which equals to the normal ordered product −4 : ψ_1ψ_{−1} : (z) as required by the power series expansion (5.29). Next, we have W̃_4(z) = 8(∂Ψ̄∂^2Ψ − ∂^2Ψ̄∂Ψ) and so on for all other higher currents that can be readily found from equation (5.33). The result is analogous to the free field realization (5.24) that was encountered in the limit k → ∞, but it is not the same.

The currents can be equivalently written using the free field ϕ_2(z). Their bosonization leads to the following expressions for the W -generators,

W̃^3(z) = i 3 ( 2(∂ϕ_2)^3 + ∂^3ϕ_2 ) , W̃^4(z) = 4 ((∂ϕ_2)^4 + (∂^2ϕ_2)^2) ,

W̃^5(z) = 8i 35 ( −84(∂ϕ_2)^5 + 90(∂ϕ_2)^2∂^3ϕ_2 − 240∂ϕ_2(∂^2ϕ_2)^2 + ∂^5ϕ_2 ) , W̃^6(z) = 64 3 ( −4(∂ϕ_2)^6 + 12(∂ϕ_2)^3∂^3ϕ_2 − 24(∂ϕ_2)^2(∂^2ϕ_2)^2 − 2(∂^3ϕ_2)^2 + 2(∂^2ϕ_2)∂^4ϕ_2 ) , W̃^7(z) = 128i 693 ( 1980(∂ϕ_2)^7 − 11970(∂ϕ_2 )^4∂^3ϕ_2 + 21420(∂ϕ_2)^3(∂^2ϕ_2)^2 + 420(∂ϕ_2)^2∂^5ϕ_2 +

+ 6300∂ϕ_2(∂^3ϕ_2)^2 − 6720∂ϕ_2∂^2ϕ_2∂^4ϕ_2 + 630(∂^2ϕ_2)^2∂^3ϕ_2 + ∂^7ϕ_2 ) , (5.34)

and so on. The first representatives of this list should be compared with the corresponding expressions for the higher spin fields derived for general values of k after taking the limit of the currents (5.14) and (5.16) at critical level, and they turn out to be the same. The higher spin fields W̃_s(z) provide the right basis for the algebra by absorbing the non-linear terms that arise at higher spins. It is rather difficult to extract the free boson realization of all currents in closed form, but this is not really a handicap of our general construction as we already have them expressed as fermion bilinears for all s ≥ 3.

– 36 –

It is now straightforward procedure to verify that the operator products of these currents take the form

W̃^3(z + ϵ)W̃^3(z) = 16 ϵ^6 + ( 1 ϵ^2 + 1 2 ∂ ϵ ) W̃^4(z) ,

W̃^3(z + ϵ)W̃^4(z) = 96 ( 1 ϵ^4 + 1 3 ∂ ϵ^3 + 1 14 ∂^2 ϵ^2 + 1 84 ∂^3 ϵ ) W̃^3(z) + 5 3 ( 1 ϵ^2 + 2 5 ∂ ϵ ) W̃^5(z) ,

W̃^3(z + ϵ)W̃^5(z) = 1440 7 ( 1 ϵ^4 + 1 4 ∂ ϵ^3 + 1 24 ∂^2 ϵ^2 + 1 180 ∂^3 ϵ ) W̃^4(z) + 9 4 ( 1 ϵ^2 + 1 3 ∂ ϵ ) W̃^6(z) ,

W̃^4(z + ϵ)W̃^4(z) = 1536 ϵ^8 + 8 ( 36 ϵ^4

+ 18 ∂ ϵ^3 + 5 ∂^2 ϵ^2 + ∂^3 ϵ ) W̃^4(z) + 3 ( 1 ϵ^2 + 1 2 ∂ ϵ ) W̃^6(z) ,

W̃^4(z + ϵ)W̃^5(z) = 138240 7 ( 1 ϵ^6 + 1 3 ∂ ϵ^5 + 1 14 ∂^2 ϵ^4 + 1 84 ∂^3 ϵ^3 + 5 3024

∂^4 ϵ^2 + 1 5040

∂^5 ϵ ) W̃^3(z) + + 4080 7 ( 1 ϵ^4 + 2 5 ∂ ϵ^3 + 1 11 ∂^2 ϵ^2 + 1 66 ∂^3 ϵ ) W̃^5(z) + 3 5 ( 7 ϵ^2 + 3 ∂ ϵ ) W̃^7(z) ,

W̃^3(z + ϵ)W̃^6(z) = 10240 ϵ^6

W̃^3(z) + 1120 3 ( 1 ϵ^4 + 1 5 ∂ ϵ^3 + 3 110 ∂^2 ϵ^2 + 1 330 ∂^3 ϵ ) W̃^5(z) + + 2 5 ( 7 ϵ^2 + 2 ∂ ϵ ) W̃^7(z) , (5.35)

and so on for higher spin commutators.

The infinite dimensional algebra Ŵ_∞(2) that result in tensionless limit of the noncompact coset SL(2, R)_k / U(1) can be systematically described as a higher spin truncation of W_{1+∞}. As we will see next, its form is rather unique and provides the extended symmetry algebra of the model in closed form. The same framework also helps to describe the linear form of Ŵ_∞(k) that arises in the large k limit in a unifying way. For all other values, 2 < k < ∞, the complete structure of Ŵ_∞(k) still remains out of reach because of the non-linear terms in the commutation relations.

6. W_{1+∞} and its higher spin truncations

We set up the framework by considering the infinite dimensional algebra of all differential operators on the circle, namely {f(x)D^n; n = 0, 1, 2, . . .}, where D denotes the derivative operator with respect to x ∈ S^1. Their algebra assumes the form [f(x)D^n, g(x)D^m] = ( nf(x)g^′(x) − mf^′(x)g(x) ) D^{n+m−1} + lower order terms , (6.1)

where the subleading terms are lower order differential operators that follow by making use of Leibnitz’s rule D^nf(x) = n∑ k=0 ( n k ) f^{(k)}(x)D^{n−k} . (6.2)

The leading order terms in equation (6.1) give rise to the algebra of area preserving diffeomorphisms on the cylinder T^⋆S^1, whereas the inclusion of all subleading terms provides a non-linear deformation of it, which is also known as Moyal algebra on T^⋆S^1.

– 37 –

It is more convenient in the sequel to introduce a complex parameter z = e^{ix} and work with Laurent series in z, instead of trigonometric functions of x defined on the circle, and use ∂ to denote the derivative operator with respect to z. Then, the differential operators {z^{n+s−1}∂^{s−1}} with n ∈ Z and s ∈ Z^+ provide a basis for writing the commutation relations of the resulting infinite dimensional Lie algebra. It contains the centerless Virasoro algebra

[L_n, L_m] = (n − m)L_{n+m} , (6.3)

which is generated by the first order differential operators L_n = −z^{n+1}∂ with s = 2 and it is associated with the algebra of point canonical transformation on T^⋆S^1. Then, the complete algebra of all differential operators can be viewed as a module of the centerless Virasoro algebra with each z^{n+s−1}∂^{s−1} term having conformal weight s, [57].

The infinite dimensional algebra W_{1+∞} is defined to be the central extension of the algebra of all differential operators on S^1. The central extensions are described systematically in the mathematics literature using the logarithm of the derivative operator, log ∂, whose commutator is defined to be

[log ∂, A] = ∑ k≥1 (−1)^{k−1} k a^{(k)}(z)∂^{n−k} (6.4)

when acting on a differential operator A = a(z)∂^n. The result is a pseudo-differential operator that involves negative powers of the derivative operator, and therefore it is natural to consider the pairing C(A, B) = ∫ res ([A, log ∂] ∘ B) (6.5)

among any two differential operators A and B, [61, 62, 63]. The computation is performed using the calculus of pseudo-differential operators and res is the residue function of the resulting operator [A, log ∂] ∘ B given by the coefficient of its ∂^{−1} term. For example, for the case of first order differential operators, one finds

C(z^{n+1}∂, z^{m+1}∂) = 1 6 (n^3 − n) ∫ z^{n+m−1}dz ∼ (n^3 − n)δ_{n+m,0} , (6.6) which coincides with the usual cocycle formula of the Virasoro algebra that describes central extensions of (6.3). More generally, it is known that the 2-cocycle (6.5) provides the unique non-trivial central extension of the algebra of all differential operators on the circle, [62, 63]. It can be computed explicitly for all elements of the algebra, since C(f(z)∂^n, g(z)∂^m) = n!m! (n + m + 1)! ∫ f^{(m)}(z)g^{(n+1)}(z)dz . (6.7)

After this brief outline of the exact mathematical structure, it is convenient to write down the complete system of commutation relations of the algebra W_{1+∞} in closed form by introducing a basis that diagonalizes the resulting central terms. Using the system of differential operators, [61], V^s_n = −B(s) s∑ k=1 α^s_k ( n + s − 1 k − 1 ) z^{n+s−k}∂^{s−k} , (6.8)

– 38 – which consist of special series of operators of order up to s − 1 for all s = 1, 2, 3, . . ., with coefficients B(s) = 2^{s−3}(s − 1)! (2s − 3)!!

, α^s_k =

(2s − k − 1)! [(s − k)!]^2

, (6.9)

we find that the 2-cocycle assumes the form

C(V^s_n , V^{s′}_m ) = −

B^2(s) 2s − 1 (n + s − 1)! (n − s)! δ_{s,s}′ δ_{n+m,0} , (6.10) and it is diagonal in the indices s and s^′.

Furthermore, it can be shown that the commutation relations of the centrally extended algebra of differential operators assume the following form, [59],

[V^s_n , V^{s′}_m ] = ( (s^′ − 1)n − (s − 1)m ) V^{s+s′−2} n+m + ∑ r≥1 g^{ss′}_{2r} (n, m; μ)V^{s+s′−2−2r} n+m + +c_s(μ)n(n^2 − 1)(n^2 − 4) · · · (n^2 − (s − 1)^2)δ_{s,s}′ δ_{n+m,0} , (6.11)

where the structure constants of the algebra are given by g^{ss′}_{2r} (n, m; μ) = ϕ^{ss′}_{2r} (μ) 2(2r + 1)!

N^{ss′}_{2r} (n, m) , (6.12)

with ϕ^{ss′}_{2r} (μ) = r∑ k=0 (−^1_2 − 2μ)_k(^3_2 + 2μ)_k(−r −^1_2 )_k(−r)_k k!(−s +^3_2 )_k(−s^′ +^3_2 )_k(s + s^′ − 2r −^3_2 )_k

(6.13) and N^{ss′}_{2r} (n, m) = 2r+1∑

k=0 (−1)^k ( 2r + 1 k ) (2s−2r−2)_k [2s^′ −k−2]_{2r+1−k} [s−1+n]_{2r+1−k}[s^′ −1+m]_k .

(6.14) In the above formulae (a)_n and [a]_n denote the ascending and descending Pochhammer symbols, respectively,

(a)_n = a(a + 1) · · · (a + n − 1) , [a]_n = a(a − 1) · · · (a − n + 1) (6.15)

with (a)_0 = 1 = [a]_0. Finally, the coefficients of the central terms are given by the expression

c_s(μ) = c 2^{1−2|μ|} 2^{2(s−3)}(s + 2μ)!(s − 2μ − 2)!

(2s − 1)!!(2s − 3)!!

, (6.16)

where the overall coefficient c is left arbitrary and coincides with the value of the central charge of the Virasoro subalgebra generated by the Fourier modes V^2_n .

The commutation relations of the full W_{1+∞} algebra correspond to the choice of the free parameter μ = −1/2, in which case the s-dependent coefficient of the central terms (6.16) coincides with the expression derived from the 2-cocycle formulae (6.10) in the basis (6.8). Other choices of μ describe various consistent truncations of W_{1+∞} that we will encounter

– 39 – shortly. For μ = −1/2, the generators V^s_n represent the Fourier modes parametrized by n ∈ Z of chiral fields with spin s,

V^s(z) = +∞∑ n=−∞ V^s_n z^{−n−s} , (6.17)

in the framework of two-dimensional conformal field theories. Indeed, the commutation relations (6.11) of W_{1+∞} can be converted into operator product expansions V^s(z)V^{s′}(w) ∼ − ∑ r≥0 f^{ss′}_{2r} (∂_z, ∂_w; μ) V^{s+s′−2−2r}(w) z − w − c_s(μ)δ_{s,s}′ ∂^{2s−1}_z 1 z − w (6.18)

with f^{ss′}_{2r} (n, m; μ) = ϕ^{ss′}_{2r} (μ) 2(2r + 1)!

M^{ss′}_{2r} (n, m) , (6.19)

where M^{ss′}_{2r} (n, m) = 2r+1∑

k=0 (−1)^k ( 2r + 1 k ) (2s − 2 − 2r)_k[2s^′ − k − 2]_{2r+1−k}n^{2r+1−k}m^k . (6.20)

The operators M^{ss′}_{2r} (∂_z, ∂_w) are obtained by replacing the powers appearing in n and m by the corresponding derivative operators with respect to z and w, respectively.

Thus, in the framework of two-dimensional conformal field theories, W_{1+∞} can be regarded as an extended world-sheet symmetry generated by an abelian U(1) current V^1(z), the stress-energy tensor V^2(z) with central charge c, which is determined by the conformal field theory that realizes the symmetry, and an infinite collection of higher spin fields V^s(z) for all integer values s ≥ 3. For μ = −1/2, we observe that the operator product expansion V^s(z)V^{s′} (w) contains all fields with spin s + s^′ − 2r, starting from s + s^′ − 2 and terminating at V^2(w) or V^1(w) for s + s^′ even or odd, respectively. In this case, W_{1+∞} is formulated as infinite dimensional linear algebra by choosing a quasi-primary field basis with ⟨V^s(z)V^{s′} (w)⟩ ∼ δ_{s,s}′ /(z − w)^{s+s′} . Note that in a primary basis, which requires the use of non-linear field redefinitions, the commutation relations of the algebra W_{1+∞} are non-linear and, hence, less tractable in closed form.

Higher spin truncations of W_{1+∞} cannot be obtained by simply setting some of the lower spin generators equal to zero, as this prescription is not consistent with the Lie algebra commutation relations. Instead, consistent truncations can be made systematic by twisting the generators Ṽ^s_n = V^s_n + lower spin terms (6.21)

so that the new elements Ṽ^s_n close among themselves for all values of s bigger or equal than a fixed integer value M, which provides the lower spin bound. The truncation is consistent when the remaining lower spin generators do not appear in the commutation relations of the generators with s ≥ M; of course, non-trivial commutation relations will arise among the lower and higher spin generators so that the complete structure of the W_{1+∞} algebra is only described in a different basis. For example, as it is well known, the infinite dimensional

– 40 – algebra W_∞ generated by all fields with spin s ≥ 2 follows from W_{1+∞} by appropriate twisting. Likewise, the twisting procedure can be generalized to construct higher spin algebras with s ≥ M for any choice of the lower cutoff integer M. We will present their construction using appropriate choice of bases in the algebra of all differential operators, from which explicit twisting formulae can be obtained for the higher spin truncations of W_{1+∞}. Such higher spin algebras can be studied as mathematical curiosities on their own right, but here we find that they also characterize the chiral algebra of the gauged WZW models in the tensionless limit. Their precise meaning will become evident shortly by elaborating on the relevance of the lower spin generators that decouple entirely from the spectrum. In this context, the twisting (6.21) is only a method for their systematic construction from W_{1+∞}, while their physical interpretation depends on the circumstances that they arise in quantum field theory.

It can be shown that the following system of differential operators of order bigger or equal than M − 1 and less or equal than s − 1,

Ṽ^s_n = −(s − M)!

(s − 1)! B(s) s−M+1 ∑ k=1 (s − k)! (s − k − M + 1)! α^s_k ( n + s − 1 k − 1 ) z^{n+s−k}∂^{s−k} , (6.22)

where B(s) and α^s_k are given by equation (6.9), as before, form a closed algebra for all integer values of spin s ≥ M, [61]. The logarithmic 2-cocycle remains diagonal in this basis and the commutation relations of the corresponding centrally extended higher spin algebra assume the general form (6.11)-(6.14) with parameter μ = 1 2 (M − 2) . (6.23)

Also, for this choice of μ, the central terms are given by equation (6.16) for all s, up to an overall numerical value which is conveniently normalized to c/2^{1−2|μ|} and it depends on the model. Note that the operator product expansions Ṽ^s(z)Ṽ^{s′} (w) that emerge in this case involve all terms of the form Ṽ^{s+s′−2r} starting from Ṽ^{s+s′−2}(w) and terminating at Ṽ M+1(w) or Ṽ M (w) for s + s′ + M − 1 even or odd, respectively. The resulting infinite dimensional algebra will be denoted by W^{(M)}_∞ and involves all generators with s ≥ M. If M ≥ 3, the higher spin algebra is not conformal, as it does not contain the Virasoro algebra, and the term “spin” should not be taken at face value; nevertheless, we will continue to call higher spin algebras all such consistent truncations of the original W_{1+∞} algebra.

It is now straightforward to put the results of the previous section into a more systematic framework. First, the algebra Ŵ_∞(k) linearizes in the large k limit and becomes isomorphic to the algebra W_∞ for which M = 2. In this case the free field realization of the quasi-primary operators (5.24) that follow from the parafermionic operator product expansion satisfy the commutation relations (6.11) with μ = 0. This result is already known in the literature, [58], and it will not be discussed further. Second, and most important result for the purposes of the present work is the identification of Ŵ_∞(k) at critical level k = 2 with the higher spin algebra W^{(M)}_∞ for M = 3. Indeed, it can be verified that the free field realization of the operators (5.33) satisfy the commutation relations (6.11) with

– 41 – μ = 1/2 provided that the following rescaling of generators is also taken into account,

W̃^s_n = s − 2 2 Ṽ^s_n . (6.24)

The linear structure of the algebra Ŵ_∞(2) was already established in the previous section for all generators, thanks to the bilinear form of the currents W̃_s(z) in terms of the complex fermion system (Ψ, Ψ̄). Also, the operator product expansions (5.35) can be identified with the corresponding commutation relations of W^{(3)}_∞ after the rescaling (6.24). Then, these sample calculations suggest the exact equivalence of the algebras Ŵ_∞(2) and W^{(3)}_∞ for all values of s ≥ 3. The complete proof relies on the uniqueness of the algebra W_{1+∞}, and its higher spin truncations, following from the uniqueness of the Moyal algebra as linear deformation of the algebra of area preserving diffeomorphism of T^⋆S^1, [64], and the uniqueness of its central extensions, [62, 63]. Besides, this can also be verified independently by direct computation of the commutation relations among all other higher spin fields, which thus prove their exact equivalence.

Summarizing, we have shown that the chiral operator algebra of the gauged WZW model SL(2, R)_k / U(1) at critical level k = 2 is the higher spin truncation of W_{1+∞} generated by chiral fields with s ≥ 3. In this case we find that the fermionic realization (5.33) yields central terms for the higher spin generators with coefficients c_s(μ = 1/2) given by equation (6.16) for c = 1 . (6.25)

The value of the central charge does not have the usual meaning as in conformal field theories because the chiral algebra W^{(3)}_∞ does not contain the Virasoro algebra, which is decoupled from the spectrum. The Virasoro algebra contracts to an abelian structure which commutes with all other generators W̃_s(z) after rescaling of the Virasoro generators by √ k − 2. Thus, in the present case, one should think of the algebra W^{(3)}_∞ as having life on its own, and it cannot be extended to the full W_{1+∞} symmetry by (un)twisting the generators. Otherwise, the quantum field theory of the tensionless coset SL(2, R)_2 / U(1) would remain conformal after the decoupling of the Liouville field; this possibility is ruled out by the singular character of the Sugawara construction in terms of SL(2, R) currents as there is no stress-energy tensor in the spectrum at critical level.

It is also instructive to compare the free field representation (5.33) with the fermionic representation of W^{(3)}_∞ that results by twisting the higher spin generators of W_{1+∞}. Recall that W_{1+∞} also admits a free field realization with fermion bilinears

V_s(z) = 2^{s−3}

(s − 1)! (2s − 3)!! s−1∑ k=0 (−1)^k ( s − 1 k )_2 ∂^kΨ̄∂^{s−k−1}Ψ(z) , (6.26)

which satisfy the commutation relations (6.11) with Virasoro central charge c = 1, [60]. Then, introducing appropriate field redefinitions Ṽ^s_n = V^s_n + lower spin terms, we obtain new elements Ṽ^s_n that represent the algebra of higher spin operators (6.22) as fermion

– 42 – bilinears, [61],

Ṽ_s(z) = 2^{s−3} (s − M)!(s + M − 2)! (s − 1)!(2s − 3)!! s−M∑ k=0 (−1)^k ( s − 1 k )( s − 1 k + M − 1 ) ∂^kΨ̄∂^{s−k−1}Ψ(z) (6.27) with s ≥ M and central terms having c = (−1)^{M−1}2^{1−2|μ|}, according to our normalizations. The central charge is easily computed by noting that the lowest spin operator Ṽ_M (z) and its two-point function are given by

Ṽ_M (z) = 2^{2(M−2)}Ψ̄∂^{M−1}Ψ(z) ; ⟨Ṽ_M (z)Ṽ_M (w)⟩ = (−1)^{M−1} [2^{2(M−2)}(M − 1)!]^2 (z − w)^{2M} . (6.28) Then, passing to Fourier modes and comparing with the coefficient of the central term (6.16) for s = M and μ = (M − 2)/2, we arrive at the value of c given above.

This procedure provides another fermionic realization of the algebra W^{(M)}_∞ for all integer values of the lower spin M, which can be subsequently specialized to M = 3 and compared with the representation (5.33). The two realizations are different from each other since the corresponding spin 3 operators Ṽ_3(z) are 4Ψ̄∂^2Ψ(z) and 4∂Ψ̄∂Ψ(z), respectively. Likewise, their higher spin representatives are also different from each other, although both of them have c = 1 when M = 3. It should be noted, however, that they differ by total derivative terms of lower spin fields including Ψ̄∂Ψ(z) − (∂Ψ̄)Ψ(z) and Ψ̄Ψ(z). These two expressions provide the stress-energy tensor and the U(1) number current of the conformal field theory of free fermions, but they do not represent physical operators of the coset model at critical level. Put differently, SL(2, R)_2 / U(1) is not meant to be equivalent to the theory of free fermions, but only the algebra of its operators is realized in terms of some fermion bilinears; all other fermionic expressions, like Ψ̄Ψ and Ψ̄∂Ψ − (∂Ψ̄)Ψ, do not correspond to operators of the coset model. Thus, it is not surprising that there is no physical Virasoro generator to append to the chiral algebra of the coset SL(2, R)_2 / U(1) and extend the free field realization (5.33) of W^{(3)}_∞ to the full W_{1+∞} algebra. As we have already stressed, the coset model is a singular conformal field theory in the tensionless limit.

This comparison may also have important consequences for the characterization of the SL(2, R)_2 / U(1) quantum theory in connection with the c = 1 matrix model. It is well known that in the fermionic description of the matrix model there are infinitely many conserved quantities associated with conserved currents of higher spin of the form (6.26), which form a W_{1+∞} algebra with Virasoro central charge c = 1 (see, for instance, [65]); they include the fermion number associated with the spin-1 current Ψ̄Ψ followed by the stress-energy tensor and a collection of higher spin generators. One the other hand, it has already been noted in section 4 that the SL(2, R)_k / U(1) model can not be regarded as a theory of c = 1 matter coupled to two-dimensional gravity, since this identification is only valid in the asymptotic (weak coupling) region of the classical geometry. Therefore, in the tensionless limit, where gravity decouples in the form of a Liouville field, the remnants cannot be possibly identified with the ordinary c = 1 model; instead, the theory that remains should be thought as a variant or an exotic phase of the c = 1 matrix model. The fermionic realization of the corresponding symmetry algebra W^{(3)}_∞ suggests that this

– 43 – unknown model could also be formulated in terms of fermion fields, as in the ordinary case, but without having lower spin currents among its physical operators. We expect that better understanding will be achieved in the future by studying the matrix model for the two-dimensional black-hole, [66], which is based on a conjectured equivalence between the SL(2, R)_k / U(1) coset and the sine-Liouville model, and the dynamics of vortices.

7. BRST analysis of the world-sheet symmetry

In bosonic string theory, where the Virasoro algebra is the underlying world-sheet symmetry, nilpotency of the BRST operator

Q = +∞∑ n=−∞ L_nc_n − 1 2 +∞∑ n=−∞ +∞∑ m=−∞ (n − m) : c_{−n}c_{−m}b_{n+m} : , (7.1)

provides the critical value of the central charge c = 26, [67]. Here, b_n and c_n are the Fourier modes of a fermionic ghost system (b, c) with conformal weights (2, −1), respectively, which are associated with reparametrization invariance. On the other hand, when the Virasoro algebra contracts to a U(1) current algebra, as in the commutation relations [L_n, L_m] = nδ_{n+m,0} for the case of tensionless strings, the corresponding BRST operator squares to zero without the need to impose any restrictions on the coefficient of the central term, [4, 5, 6]. Thus, the concept of critical dimension, which renders the quantum theory of strings free of Weyl anomalies, appears to be lost when α^′ → ∞. It comes as no surprise, since the very notion of space-time where the evolution of strings takes place is not relevant in the tensionless limit, and the cancellation of the Weyl anomaly that otherwise breaks space-time Lorentz invariance is not an issue anymore. The result is also consistent with the arbitrariness of the coefficient that remains in the central terms after rescaling the Virasoro generators to absorb the infinite value of the central charge when α^′ → ∞. It is for this reason that SL(2, R)_2 / U(1) can be taken as model for tensionless strings, although it does not arise as a limiting case within critical string theory.

The purpose of this section is to show that for two-dimensional quantum field theories that possess additional higher spin symmetries, the BRST charge is not nilpotent unless the coefficient of the corresponding higher spin central terms is fixed to a critical value. Thus, although the contracted Virasoro symmetry is not sufficient to distinguish among different tensionless models, nilpotency of the BRST charge for the W^{(3)}_∞ world-sheet symmetry may be used, instead, to impose severe restrictions on tensionless string model building. There is an implicit assumption that one makes in this case, namely that W^{(3)}_∞ serves as a fundamental world-sheet symmetry in the tensionless limit. Then, cancellation of the anomalies associated to all higher spin generators with s ≥ 3 will provide a substitute of the critical dimension, but there is no space-time interpretation of its value as gravity has decoupled. We will find that the central terms (6.16), which correspond to the choice μ = 1/2, c_s ( μ = 1 2 ) = 2^{2(s−3)}(s − 3)!(s + 1)! (2s − 3)!!(2s − 1)!!

c (7.2)

– 44 – cancel by the corresponding ghost contributions provided that the overall coefficient is fixed to the value c = 2 , ∀ s ≥ 3 . (7.3) The analysis we perform in this section can only be viewed at the present time as curiosity of the symmetries arising in the tensionless limit of gauged WZW models. It should be used in a more fundamental way in case the theory of tensionless strings admits a systematic reformulation as W -strings for the non-conformal algebra W^{(3)}_∞ . Such point of view will not be confirmed here, but it will be investigated separately as a viable possibility in future work. Apart from this issue, it should be mentioned that the BRST analysis also serves as an additional consistency check of the truncation procedure leading to the infinite dimensional algebra W^{(3)}_∞ and its non-trivial central extensions.

Recall that the BRST operator for a Lie algebra with generators T^a and structure constants f^{ab}_c is generally given by

Q = c_aT^a − 1 2 f^{ab}_cc_ac_bb^c (7.4)

where (c_a, b^a) is a pair of Faddeev-Popov ghosts that possess opposite statistics to the generators T^a; as such, they satisfy {c_a, b^b} = δ^b_a and all other anticommutators vanish. For finite dimensional Lie algebras with trivial cohomology groups, as for all simple Lie algebras, the operator Q is always nilpotent and there is no anomaly that needs to be cancelled. However, for infinite dimensional algebras that admit non-trivial central extensions, the quantum theory may be anomalous as the ghost contributions do not always balance the bosonic part of the central charge in order to have Q^2 = 0. This is common to all symmetries arising in two-dimensional conformal field theory, thus leading to critical values of the central charges.

The BRST operator of the Virasoro algebra, and all other algebras that contain higher spin fields among the generators, can be constructed by first introducing a system of ghost fields (b_s(z), c_s(z)) for each current V_s(z) with weights (s, 1 − s), respectively, and ⟨b_s(z)c_s(w)⟩ = 1 z − w = ⟨c_s(z)b_s(w)⟩ . (7.5)

Then, the operator Q is defined to be the charge Q = 1 2πi ∮ dzj(z) (7.6) associated to the BRST current of the corresponding symmetry algebra j(z) = ∑ {s_i} V_{si} (z)c_{si} (z) + · · · . (7.7)

Here, the summation is taken over all generators of the extended world-sheet symmetry and dots denote appropriately chosen ccb-type terms whose exact form depends on the structure constants of the underlying Lie algebra; for instance, for the Virasoro algebra generated by the stress-energy tensor with spin 2, we have j(z) = T (z)c_2(z) + c_2∂c_2b_2(z), which yields the BRST operator (7.1) in terms of Fourier modes. One may also work out similar expressions for W -algebras, as we will see later in detail.

– 45 –

The nilpotency of the BRST operator, Q^2 = 0, implies that the operator product expansion of the currents j(z)j(w) vanishes up to total derivative terms. This is precisely how the Virasoro anomaly cancels in bosonic string theory to yield c = 26. For extended conformal symmetries, the ghost contribution to the central term of the Virasoro subalgebra comes from all possible higher spin generators and it turns out to be

c_{gh}(2) = − ∑ {s_i} (6s^2_i − 6s_i + 1) . (7.8)

Each (b_s, c_s) system contributes the characteristic value −(6s^2 − 6s + 1). Thus, for finitely generated W -algebras, the total contribution to c_{gh}(2) is finite and its value depends on the spin content of the additional symmetries. Anomaly cancellation requires c/2 + c_{gh}(2) = 0, which fixes c to a given critical value. For instance, for Zamolodchikov’s W_3 algebra, which is generated by the stress-energy tensor and an additional chiral field with spin 3, the ghost contribution is −13 − 37 = −50 and therefore the critical central charge of W_3- strings is c = 100, [68]. For infinitely generated algebras, as for W_{1+∞} and its higher spin truncations that were encountered before, the sum that determines c_{gh}(2) diverges and additional regularizations have to be taken into account in order to make good sense of it. Also, in all these cases, one has to make sure that the coefficients of the singular terms that arise in the operator product expansion j(z)j(w) vanish all at once to all orders in z − w. The central terms of the higher spin generators receive different ghost contributions c_{gh}(s) that appear to order 1/(z − w)^{2s} for each value of s and their cancellation is a prerequisite for the consistency of any regularization scheme that makes the BRST operator nilpotent. This singles out a definite value for the central charge c for which the W -algebra becomes free of anomalies.

There is a definite regularization scheme that makes c_{gh}(2) finite for all infinitely generated conformal algebras, which can also be extended to all higher spin central charges c_{gh}(s) in a consistent way. This problem was investigated for the first time for the algebra W_∞, where the formal expression (7.8) can be made finite using the zeta function regularization,

c_{gh}(2) = − ∞∑ j=0 ( 6(j + 1)^2 + 6(j + 1) + 1 ) = −6ζ(−2, 1) − 6ζ(−1, 1) − ζ(0, 1) , (7.9)

while setting for convenience j = s − 2 ≥ 0. Here, ζ(s, a) is defined as usual ζ(s, a) = ∑ n≥0 (n + a)^{−s} , (7.10)

which converges for s > 1, but it has a pole at s = 1. Using the analytic continuation of (7.10) to negative integer values s = −l, we define the regularized zeta function in terms of the Bernoulli polynomials^7

ζ(−l, a)_{reg} = −

B_{l+1}(a) l + 1

. (7.11)

7We list the first few Bernoulli polynomials that are needed for the calculations presented here and in the remaining part of this section: B1(x) = x − 1/2, B2(x) = x^2 − x + 1/6, B3(x) = x^3 − 3x^2/2 + x/2,

– 46 –

Then, we easily find that the regularized value of the ghost contribution to the Virasoro algebra is c_{gh}(2) = 1, [69]. Hence, the BRST operator of W_∞ is nilpotent at the spin 2 level provided that the bosonic representation of the algebra has the opposite central charge, c = −2. Furthermore, it can be verified that this choice of central charge is also critical for the higher spin generators of the algebra, thus leading to similar anomaly cancellations between c_{gh}(s) and the “matter” part of the corresponding higher order central terms. Likewise, for the W_{1+∞} algebra, similar analysis shows that the regularized value is c_{gh}(2) = 0, [70], as the summation over j = s − 2 extends from −1 to infinity, and the critical value turns out to be c = 0 in this case.

We now turn to the non-conformal algebra W^{(3)}_∞ , which is of interest here, and introduce a pair of ghost fields (b_s, c_s) for each generator with s ≥ 3. Using the general formulation of this algebra in terms of the structure constants g^{ss′}_{2r} (n, m; μ) with μ = 1/2, we may write the BRST operator in terms of Fourier modes, Q = ∑ s≥3 Ṽ^s_mc^m_s − 1 2 ∑ s,s^′≥3 ∑ r≥0 g^{ss′}_{2r} ( n, m; μ = 1 2 ) : c^{−n}_s c^{−m}_{s′} b^{n+m}_{s+s′−2r} : , (7.12) where summation over n and m is also implicitly assumed. Reverting to the coordinate representation as more appropriate for the operator product expansions, we write the BRST current of the algebra in the form j(z) = ∑ s≥3 Ṽ^sc_s(z) − ∑ s,s^′≥3 ∑ r≥0 f^{ss′}_{2r} (∂_{cs} , ∂_{cs′} ; μ = 1/2) : c_sc_s′ b^{s+s′−2r} : (z) , (7.13)

where f^{ss′}_{2r} are given by equations (6.18)-(6.20), as before, and ∂_{cs} denotes the derivative operator ∂/∂z acting on the ghost field c_s. The summations also range from 3 to ∞, as dictated by the operator content of the algebra W^{(3)}_∞ .

The operator product expansion of the corresponding BRST currents j(z)j(w) follows from general considerations and it consists of the series of terms

j(z)j(w) = (5! c_3 + c_{gh}(3))

: c_3(z)c_3(w) :

(z − w)^6

+ (7! c_4 + c_{gh}(4))

: c_4(z)c_4(w) :

(z − w)^8 + + (9! c_5 + c_{gh}(5))

: c_5(z)c_5(w) :

(z − w)^{10} + O ( (z − w)^{−12} ) , (7.14)

where normal ordering is used to extract all singular terms in different orders depending on s. Then, taking into account equation (7.2) for the normalization of the central terms c_s and computing the ghost contribution to the higher spin terms c_{gh}(s), one may verify that the numerical coefficients of the singular terms vanish all at once for the same choice of the central charge c. The nilpotency of the BRST operator should be implemented consistently level by level in s and the critical charge should be the same for all spins. This procedure is rather cumbersome to follow in all generality, since the zeta function

B4(x) = x^4 − 2x^3 + x^2 − 1/30, B5(x) = x^5 − 5x^4/2 + 5x^3/3 − x/6, B6(x) = x^6 − 3x^5 + 5x^4/2 − x^2/2 + 1/42, B7(x) = x^7 − 7x^6/2 + 7x^5/2 − 7x^3/6 + x/6, B8(x) = x^8 − 4x^7 + 14x^6/3 − 7x^4/3 + 2x^2/3 − 1/30, B9(x) = x^9 − 9x^8/2 + 6x^7 − 21x^5/5 + 2x^3 − 3x/10, and so on. In general they satisfy the relation B^′_n(x) = nBn−1(x) with Bn(0) equal to the Bernoulli numbers.

– 47 – regularization of c_{gh}(s) are not available in closed form for arbitrary values of s. We will present the result of explicit calculations for s = 3, 4 and 5, which yield the same value c = 2 for the corresponding critical charge. Higher spin calculations can also be carried out, and some general arguments about the consistency of the regularization scheme to all levels will be presented later.

Starting with c_{gh}(3), we note that its computation involves contributions from double contractions of the terms ∑ s≥3 : c_sc_3b_{s+1} : (z) : c_{s+1}c_3b_s : (w) that appear in the operator product expansion j(z)j(w), with derivatives also distributed on the ghost fields according to equation (7.13). After some calculation, they give rise to the infinite sum

c_{gh}(3) = −8 ∞∑ s=3 ϕ^{3,s+1}_2 ( μ = 1 2 ) ( 10s(2s − 1)(s − 1)^2 + 15(2s − 1)(s − 1)^2 + 6 + + 10s(s − 1)(2s − 1) + 30(s − 1)^2 + + 10(s − 1)(2s − 1) + 30(s − 1) ) , (7.15)

where ϕ^{3s}_2 ( μ = 1 2 ) = 1 − 15 (2s − 1)(2s − 3)

. (7.16)

Setting j = s − 3, we reorganize the sum and compute it as follows, using zeta function regularization,

c_{gh}(3) = 16 ∑ j≥0 ( −10(j + 3)^4 + 45(j + 3)^2 − 77 4 + 45 8(2j + 7) − 45 8(2j + 5) )

= 16 ( −10ζ(−4, 3) + 45ζ(−2, 3) − 77 4 ζ(0, 3) − 9 8 ) = −128 . (7.17)

The constant term −9/8 that appears in the second line has remained after the pairwise cancellations between the last two fractional terms shown in the first line. Then, since the coefficient of the singular term (z − w)^{−6} appearing in equation (7.14) is 5!c_3 + c_{gh}(3) = 64c + c_{gh}(3), we conclude that c = 2 at this level, as advertised before. It is the first nilpotency condition that determines the critical value of the central charge c of W^{(3)}_∞ .

Next, we present some technical details and outline the way to handle the computations for arbitrary spin level in order to achieve the desired cancellation of anomalies when c = 2. We set up the general framework for evaluating the ghost contribution to the spin s central charge, following earlier work on infinite dimensional algebras of W_∞-type, [70]. We have, in particular,

c_{gh}(s) = − s−2∑ r=0 ∑ s^′≥s_0 ϕ^{s,s′+1} 2r (μ)ϕ^{s,s+s′−2r−1} 2s−2r−4 (μ) 4(2r + 1)!(2s − 2r − 3)![(2s^′ − 2r − 1)!]^2

X(s, s^′, r; μ) (7.18)

where s_0 = max(2μ + 1, 2r − s + 3 + 2μ) and X(s, s^′, r; μ) = 2r+1∑

k=0

2s−2r−3 ∑ k^′=0

2r+1−k∑

l=0

2s−2r−3−k^′ ∑ l^′=0

(2r + 1 − l + l^′)!(2r + k^′ + 1)!(2s^′ − k)! × × (2s − 2r − 3 − l^′ + l)!(2s − 2r − 3 + k)!(2s + 2s^′ − 2r − 4 − k^′)!

k! k^′! l! l^′! (2r + 1 − k − l)!(2s − 2r − 3 − k^′ − l^′)!

. (7.19)

All these terms arise by making appropriate double contractions of the ghost terms that

– 48 – contribute to c_{gh}(s) for any given spin s, and they are valid for all higher spin truncations of W_{1+∞} characterized by μ. Of course, here, we must set μ = 1/2 and proceed with explicit calculations.

The ghost contribution to the spin 4 central charge is given by the following three infinite sums

c_{gh}(4) = −32 ∑ j≥1 ( 21 ( j + 5 2 )_6

− 210 ( j + 5 2 )_4 + 4473 8 ( j + 5 2 )_2 − 3321 8 − − 4725 128(2j + 3) + 6075 64(2j + 5)^2 + 4725 128(2j + 7) ) − −64 ∑ j≥1 ( 35 ( j + 3 2 )_6

− 245 ( j + 3 2 )_4 + 3675 8 ( j + 3 2 )_2 − 495 8 − − 7155 128(2j + 1) − 6075 128(2j + 1)^2 + 7155 128(2j + 5) − 6075 128(2j + 5)^2 ) − −32 ∑ j≥3 ( 21 ( j + 1 2 )_6

− 210 ( j + 1 2 )_4 + 4473 8 ( j + 1 2 )_2 − 3321 8 − − 4725 128(2j + 3) + 6075 64(2j + 5)^2 + 4725 128(2j + 7) ) . (7.20)

Each sum has to be evaluated independently by shifting the summation index appropriately and making use of the zeta function regularization. After some calculation the result turns out to be

c_{gh}(4) = −64 ( 21ζ ( −6, 7 2 ) − 210ζ ( −4, 7 2 ) + 4473 8 ζ ( −2, 7 2 ) − − 3321 8 ζ ( 0, 7 2 ) + 35ζ ( −6, 5 2 ) − 245ζ ( −4, 5 2 ) + + 3675 8 ζ ( −2, 5 2 ) − 495 8 ζ ( 0, 5 2 ) − 3177 64 ) = −16^2 · 12 . (7.21)

Since the numerical coefficient of the corresponding term in the operator expansion of the BRST currents is 7!c_4 + c_{gh}(4) = 16^2 · 6c + c_{gh}(4), we find once more that the anomaly cancellation occurs at c = 2 for spin 4.

The ghost contribution to the spin 5 anomaly can be evaluated in a similar way following the general expression (7.18), but the individual terms are quite a lot in number. Here, we only present the end result of the calculation using zeta function regularization of the various sums,

c_{gh}(5) = 1024 ( −9ζ(−8, 4) + 615 4 ζ(−6, 4) − 13245 16 ζ(−4, 4) +

106815 64 ζ(−2, 4) − − 260181 256 ζ(0, 4) − 63ζ(−8, 3) +

3225 4 ζ(−6, 3) − 399165 112 ζ(−4, 3) + + 2609175 448 ζ(−2, 3) − 412947 256 ζ(0, 3) − 13005 256 ) = −16^3 · 288 7 . (7.22)

Then, since the overall coefficient of the corresponding singular term in the operator prod-

– 49 – uct expansion (7.14) is 9!c_5 + c_{gh}(5) = 16^3 · 144c/7 + c_{gh}(5), we find again that the algebra is free of anomalies for c = 2, as required for consistency at all spin level.

The computation of the higher ghost central charges becomes extremely more complicated as the spin level increases, but in all cases we have examined so far the result is the same and singles out c = 2 as the critical value of the non-conformal algebra W^{(3)}_∞ . Actually, this is not surprising because the ghost currents satisfy the same operator algebra, and therefore all c_{gh}(s) are also related to each other in terms of a single central charge c, as in equation (7.2) above. Thus, if there is cancellation at a given spin level, it will also hold at all levels. What is rather surprising, however, is the consistency of the regularization scheme based on zeta functions, which seems to respect the structure of the symmetry algebra. It is not guaranteed to be so because there is an intrinsic ambiguity to regularize the divergent sums ∑ n≥0(n + a)^{−s} when s = 0; in particular, ∑ n≥0 1 can be chosen to be equal to ζ(0, a) = −B_1(a) = −a + 1/2, while a remains arbitrary. This arbitrariness may lead to any value of the critical central charge at a given spin level, which then can create discrepancies by comparing the results at different levels or require fine tuning level-by-level.

It is remarkable that there is a natural regularization scheme which appears to be consistent with the nilpotency of the BRST charge and it resolves the ambiguous choice of the free parameter a in all terms that involve ∑ n≥0 1. The prescription we followed simply sets a equal to the value of its companion terms within a given bracket of divergent sums. For instance, a = 1 in the bracket of divergent sums (7.9), whereas a is chosen to be 3 in the bracket of divergent sums that appear in (7.17); likewise, a is taken to be 7/2, 5/2 and 7/2 in the three different brackets of divergent sums shown in equation (7.20), respectively. This method works consistently for all W_∞-type algebras, but it has no rigorous foundation to this day. It resembles the description of quantum corrections in Kaluza-Klein theories, where a vanishing one-loop vacuum energy in higher dimensions has a lower dimensional interpretation as a divergent sum that also equals to zero by zeta function regularization. Unfortunately, we do not know of a higher dimensional theory that collects the infinite collection of all two-dimensional higher spin currents into a single entity. If this is properly understood, our results will be put into a firm and better frame. In any case, such higher dimensional interpretation could also be used to provide a more fundamental definition of the tensionless limit.

Finally, we return to the tensionless coset model SL(2, R)_2 / U(1) that exhibits the W^{(3)}_∞ symmetry with c = 1. As such, it is not free of anomalies but it provides a building block for constructing c = 2 models with nilpotent BRST charge. If higher spin symmetries play a fundamental role in the ultimate definition of tensionless strings, the BRST analysis above will serve as a guide for model building. In that case it will be possible to gauge the entire world-sheet symmetry, as it is anomalous free for c = 2, and examine its breaking pattern by including 1/α^′ corrections.

8. Generalizations to higher dimensional cosets

Generalizations to higher dimensional coset models can be described in a similar fashion by gauging different subgroups H of higher rank non-compact groups G. Here, we will

– 50 – focus attention on the cosets SO(n, 1)_k/H_k by gauging the maximal compact subgroup H = SO(n) in a vectorial way so that the signature of the classical geometry is always euclidean; instead, if we consider H = SO(n − 1, 1) the construction is similar but the signature will be lorentzian. Note that the critical level is k = 2 when n = 2 or 3, whereas for n ≥ 4 the critical level turns out to be k = n − 1.

Let us begin with the simplest non-abelian coset model for n = 3. Summarizing the results of earlier work, [37], we present the solution to the perturbative beta function equations by including all α^′ corrections. The exact result is obtained by the hamiltonian method, as in section 2, and leads to

ds^2 = 2(k − 2) ( dr^2 + G_{θθ}dθ^2 + G_{ϕϕ}dϕ^2 + 2G_{θϕ}dθdϕ ) , (8.1)

where the metric components depend on the level as follows,

G_{θθ} = β^2(r) ( tanh^2 r − 1 k − 1 1 cos^2 θ ) , G_{ϕϕ} = β^2(r) ( tanh^2 r cot^2 ϕ tan^2 θ + coth^2 r cos^2 θ − 1 k − 1 1 cos^2 θ sin^2 ϕ ) , G_{θϕ} = β^2(r) tanh^2 r cot ϕ tan θ . (8.2)

The function β(r) turns out to be

β^{−2}(r) = 1 − 1 k − 1 ( coth^2 r cos^2 θ + tanh^2 r sin^2 ϕ ( 1 + cos^2 ϕ tan^2 θ )) + 1 (k − 1)^2 1 cos^2 θ sin^2 ϕ

(8.3)

and the dilaton equals to

Φ = log ( sinh^2 2r sin^2 ϕ cos^2 θ β(r) ) (8.4)

so that √ G exp Φ is independent of k, as required on general grounds. There is also an anti-symmetric tensor field B_{ϕθ} = β^2(r) 2(k − 1) tanh^2 r cot ϕ tan θ , (8.5)

which is present for all k < ∞.

As k → ∞, β(r) → 1 and the classical geometry of the coset SO(3, 1)_k / SO(3)_k simply reads

ds^2 = dr^2 + tanh^2 r (dθ + cot ϕ tan θdϕ)^2 + coth^2 r cos^2 θ dϕ^2 , Φ = log ( sinh^2 2r sin^2 ϕ cos^2 θ ) , (8.6)

whereas the anti-symmetric tensor field vanishes in this case. The signature of target space is clearly + + + in the entire region covered by the coordinates (r, θ, ϕ). The geometry also exhibits curvature singularities in places where the string coupling exp(−Φ) blows up. On the other hand, extending the validity of the exact quantum geometry to all k ≥ 2, it is easy to observe that the signature changes in places where β^2(r) is not positive definite.

– 51 –

For instance, if r and ϕ are restricted in a region where coth^2 r sin^2 ϕ ≥ 1, whereas θ remains arbitrary, the components G_{θθ} and G_{ϕϕ} will have opposite signs as k → 2. Thus, we encounter a situation which is similar to the vector gauged SL(2)_k/ U(1) coset model at critical level, as noted in section 2. The range of the coordinate system should be restricted to regions of euclidean signature, or else there is a change of signature due to quantum corrections. Furthermore, the metric is multiplied with k − 2 and it becomes singular at critical level. This behavior is expected on general grounds and it provides another example of tensionless models.

We may also consider the non-abelian coset model SO(3, 1)/E(2), [48], which is obtained by gauging the non-semisimple subgroup of the Lorentz group in four-dimensional Minkowski space. Recall that the group SO(3, 1) has six generators J_i and K_i with i = 1, 2, 3, which correspond to the rigid rotations SO(3) and the three boosts, respectively. On the other hand, the euclidean group E(2) is generated by the following combinations of Lorentz generators,

E_1 = J_1 − K_2 , E_2 = J_2 + K_1 , E_3 = J_3 , (8.7)

which give rise to a semi-direct product group structure. The generators of translations R^2 in E(2) are null in the four-dimensional fundamental representation of the Lorentz group, since Tr E^2_1 = Tr E^2 = E^3_1 = E^3_2 = 0 , (8.8)

whereas E_3 generates the subgroup of rotations SO(2). Then, the vector gauging of the SO(3, 1)_k/E(2) WZW model can be carried out as usual using gauge connections A, Ā with values in E(2). Parametrizing the elements g ∈ SO(3, 1) ≃ SL(2, C) as 4 × 4 matrices and making appropriate gauge choices, one may eliminate the gauge fields and derive the effective space-time action of the coset model. It turns out that the result is described by the theory of a single free boson with background charge, as in equation (4.5), thus showing that a drastic reduction of dimensions takes place in target space, as in section 4. Therefore, null gauging describes the Liouville field that will decouple at critical level when k is shifted to k − 2 upon quantization, as before.

Furthermore, the null gauging can be equivalently described by boosting the SO(3) subgroup of SO(3, 1) and then take the infinite boost limit. More precisely, the boosted version of the non-abelian WZW coset SO(3, 1)/ SO(3) is defined by introducing new generators J_1(β) = e^{−βK3} J_1e^{βK3} , J_2(β) = e^{−βK3} J_2e^{βK3} , J_3(β) = J_3 , (8.9)

which amount to considering SO(3)_β with boost parameter β. Of course, there is an isomorphism SO(3)_β ≃ SO(3) for all values of the deformation parameter β with the exception of the limiting value β → ∞, in which case a contraction takes place to E(2). The effective action of the vector gauged WZW model SO(3, 1)/ SO(3)_β can be computed in powers of exp(−2β) in the large level and large boost limit. Using appropriate redefinition of variables, as those shown in reference [48], the result is the Liouville action (4.5), plus subleading terms of order O(exp(−2β)), which contain two more additional fields that interact exponentially.

– 52 –

The transformation (8.9) can be extended to the three remaining generators by defining

K_i(β) = e^{−βK3} K_ie^{βK3} . (8.10)

In the limit β → ∞, there is a contraction of SO(3, 1) using the boost which is perpendicular to the spatial direction associated to K_3. Clearly, K_3(β) = K_3 remains inert and it corresponds to the radial coordinate that parametrizes the Liouville action. Thus, the infinite boost limit selects the non-compact spatial direction r which decouples from the rest, as in the simplest SL(2, R) case discussed in section 4. The null gauging of WZW models was also considered in reference [71] but in a different way; in that case, the resulting background exhibits a more general Toda-like structure and there is no dimensional reduction to only one Liouville field.

The discussion can be repeated for all SO(n, 1)_k/ SO(n)_k cosets with higher values of n ≥ 4. The exact form of the metric, dilaton and anti-symmetric tensor fields can be worked out in close form, case by case, following [37]. The resulting expressions are quite lengthy and they are not included here, but it turns out that they all yield tensionless models in the limit k → n − 1. The decoupling of gravity manifests in the form of a Liouville field, which is also described by gauging the euclidean group E(n − 1); equivalently, it follows by contracting the maximal compact subgroup of SO(n, 1) to E(n − 1) in the infinite boost limit. This seems to be a universal result for all maximally gauged WZW models based on SO(n, 1)_k current algebras, [48]. In all cases, one is left with a non-geometric theory of n − 1 bosons after the decoupling of gravity at critical level. Since the effective description of these remnants is not known, one hopes to gain insight into their quantum theory by appealing to world-sheet methods, as for the simplest SO(2, 1)/ SO(2) ≃ SL(2, R)/ SO(2) coset.

It is rather unfortunate that the theory of non-abelian parafermions is still poorly understood beyond the semiclassical limit k → ∞, [30], and there are no exact formulae available for them in the quantum regime. However, it is conceivable that the exact representation of the basic parafermion currents Ψ^α(z) ∈ SO(n, 1)/ SO(n) can be obtained by other means when the level assumes its critical value, depending on n. Experience with the n = 2 case suggests that the parafermions should be expressed in terms of derivatives of (multi-component) fermions at critical level, and their operator product expansion should yield the corresponding W -generators as fermion bilinears. These fermions could also be expressed as vertex operators of n − 1 real scalars, via bosonization, with the introduction of appropriate two-cocycle (twist) factors. Furthermore, the parafermions could be dressed by SO(n) currents to provide a free field realization of the SO(n, 1)_k current algebra at critical level. This is reminiscent of the fermionic realization of current algebras Ĝ_k at special values of k, using fermions in various representations of G (see, for instance, [23] and references therein); for example, taking fermions in the adjoint of a compact group G yields representations of Ĝ_k with k = g^∨ as fermion bilinears, whereas for orthogonal groups representations of level 1 are constructed choosing fermions in the fundamental representation. It should be emphasized, however, that the parafermionic representation is different but it has not been spelled out in all generality for all k — in particular for k = g^∨, which is of interest here. If this issue is resolved, we will be able to provide explicit construction of the

– 53 –

W -algebra that underlies all non-abelian coset models at critical level. It might turn out that the relevant world-sheet symmetries are matrix generalizations of W_∞, and its higher spin truncations, which have been studied elsewhere in different context, [61, 72].

Finally, it will be interesting to consider more general coset models G/H, where H is not necessarily restricted to the maximal compact subgroup of G, and extend the analysis of their quantum properties at critical level.

9. Conclusions and discussion

We studied a certain class of tensionless models by considering gauged WZW theories for non-compact groups G_k at critical level, k = g^∨, equal to the dual Coxeter number of G. The WZW models are unitary exact conformal field theories for all values of k > g^∨, and k − g^∨ is naturally identified with their tension parameter. The behavior of these theories is somewhat singular at critical values of k because the central charge of the Virasoro algebra becomes infinite, and it is appropriate to rescale the Virasoro generators in order to make it finite. Then, in this limit, the Virasoro algebra contracts to an abelian structure and conformal invariance is lost, thus leading to decoupling of gravity from the spectrum. Apart from this incident, the resulting gauged WZW models make perfect sense as two-dimensional quantum field theories, and they exhibit infinite dimensional world-sheet symmetries generated by higher spin fields. For SL(2, R)_2 / U(1) the complete structure of the underlying W -algebra was determined and found to correspond to a higher spin truncation of W_∞ by excluding the Virasoro generators.

Gauged WZW models also provide a testing ground for comparing different tensionless limits that often appear in the literature. A natural question that arises in this context is whether the tensionless limit of the quantum theory is equivalent to the quantization of the classical tensionless strings on a given background. Spaces that exhibit no α^′ corrections, such as flat space or pp-waves, provide exact solutions to the beta-function equations to all orders in perturbation theory, and they are expected to yield the same tensionless theory in either case. However, for spaces that the α^′ corrections are substantial, as for the gauged WZW models, the two methods need not be equivalent. The simplest example of this kind is the coset SL(2, R)_k / U(1) at k = 2, which defines the quantum tensionless limit of the two-dimensional black-hole model as singular conformal field theory. In this case, the decoupling of gravity manifests as decoupling of the Liouville field, and the operators of the coset model, which include the basic parafermion currents, are faithfully realized without it, in terms of the remaining boson. The same phenomenon can be seen directly at the level of the SL(2, R)_k current algebra, which is realized in terms of two bosons at k = 2, rather than using three bosons as for all other values of k > 2. Thus, there is no real remnant of the target space geometry at k = 2, although the space looks formally like an infinitely curved hyperboloid, which is obtained by including all α^′ corrections in the perturbative beta function equations and then letting k − 2 ∼ 1/α^′ → 0. In the same context, the null gauged WZW model SL(2, R)_k /E(1) yields a Liouville field with infinite background charge at k = 2, which describes the gravitational sector that decouples in the tensionless limit.

– 54 –

The results of this study may be of more general value and provide a way to resolve singularities that appear in the classical theory of gravitation. In fact, the classical gravitational field becomes very strong close to space-time singularities, where string propagation behaves as tensionless theory. These singularities may then be resolved within the complete quantum theory of strings, when appropriately defined by including the effect of higher spin massive states, by simply demanding the decoupling of gravity from all other string states. This novel possibility seems to arise quite naturally in the quantum tensionless limit of WZW models, and it is very different in nature from any other classical considerations of the problem. Thus, it appears that quantum strings in strong gravitational fields will experience no gravity after all. The result may be taken as indication that the tensionless limit of quantum conformal field theories has a topological character. However, it is not clear at this moment how to utilize the infinitely many generators of the world-sheet symmetries of the gauged WZW models in order to give a more precise topological characterization of the resulting two-dimensional, but non-conformal, quantum theories. There might be similarities of these models with the theory of topological orbifolds, which were introduced in the past in an attempt to gain intuition about the unbroken phase of string theory in flat space when α^′ → ∞, [13]. Work is in progress towards this direction.

Apart from these general issues, there are a few open questions that could be addressed directly in the simplest case of WZW models based on the SL(2, R)_k current algebra. There is an enhancement of symmetries that follows from the behavior of the Kac-Kazhdan determinant formula of the SL(2, R)_k current algebra. The determinant vanishes at k = 2 and it implies the existence of several null states in the Verma module of the current algebra, [43, 44]; the same conclusion also applies to the field theory of the coset model. It will be interesting to use them systematically in order to provide a complete description of the corresponding WZW models at critical level and clarify their interpretation. Also, one may take advantage of the non-linear algebra Ŵ_∞(k) that exists for all values of k in the coset model and extrapolates between the two linear algebras W^{(3)}_∞ and W_∞ at k = 2 and ∞, respectively, [55]. This algebra could be used as guide to understand the 1/α^′ corrections away from the critical value of k using world-sheet methods. It may also offer a concrete framework to understand the lifting of degeneracies away from k = 2 and explain the mechanism that introduces the coupling to gravity. Needless to say, this is a rather important aspect of our working framework, which should be investigated separately in the future in great detail.

Generalizations to higher dimensional coset models G/H based on higher rank noncompact groups G are also interesting to consider, but they are technically more difficult to treat in detail. They share the essential features of the SL(2, R)_k / U(1) coset at critical level by the decoupling of gravity, and possibly other fields that depend on the choice of H, as their Virasoro central charge also becomes infinite when k = g^∨. It is rather unfortunate, however, that the quantum theory of non-abelian parafermions is less developed than the abelian case, which prevents us to have explicit expressions in terms of free fields and compute their operator product expansion at critical level. Thus, we only have circumstantial evidence for their behavior in the ultra-quantum limit, and as a result we have no explicit construction of the higher spin W -algebras that arise on the world-sheet in the general

– 55 – case. Actually, it might be possible to obtain an alternative definition of the parafermion currents, which is only valid at critical values of k, without having to go through their exact formulation for arbitrary values of k. In any case, we think that the resulting W - algebras will contain W^{(3)}_∞ among their generators, and possibly many others that depend on the details of the particular coset model. We also hope that the formal BRST analysis of the infinite world-sheet symmetries at critical level, which was performed in detail for the SL(2, R)_2 / U(1) model, thus rendering W^{(3)}_∞ free of anomalies, can be made more systematic in future formulations of the problem, and it can be generalized to groups of higher rank. The existing results indicate that there is a more general framework at work, which underlies the systematic study of tensionless limit, but it still remains unknown.

There are also other general problems that remain largely unexplored in the present work and deserve special attention in the future. Here, we only present some rough ideas that emerge from the necessity to find a more fundamental definition of the tensionless limit and connect it with some more traditional and better understood structures. The details will be studied separately and appear elsewhere.

First, it will be interesting to apply the representation theory of W_∞-type algebras to the non-conformal symmetries that arise on the world-sheet of the tensionless quantum models. We already know the general theory of quasi-finite representations that consist of highest weight representations with only a finite number of non-zero weights for all higher spin operators, W^s_0 |h⟩ = h_s|h⟩, and W^s_n|h⟩ = 0 for all n > 0, [58, 73, 74]. It is quite interesting that all quasi-finite representations can be obtained by free field realizations, [58, 74], as for the higher spin truncation of W_∞ that arises in gauged WZW models at critical level. As a result, the character formulae are expected to be rather simple. Such representations could also be used to assign higher spin charges to all quantum states that become degenerate in the tensionless limit, and they deserve further study in order to sharpen our current understanding of the whole subject. In this framework, we might also be able to explore the topological character of the quantum theory defined by the coset SL(2, R)_k / U(1) at critical level, and its generalizations thereof.

Second, there are some intriguing mathematical constructions based on Langlands duality for current algebras that relate small with large α^′ expansions on the corresponding dual faces, since (k − g^∨)^{−1} is replaced by k̃ − g̃^∨ by duality, [75, 76]. This duality, which is essentially a current algebra generalization of the usual electric-magnetic duality for the zero mode (global) algebras, [77], should be properly understood in WZW models in order to reformulate the tensionless limit in more accessible terms. Thus, electric and magnetic charges for loop groups, which are naturally defined for a certain class of periodic instanton configurations in four dimensions, [78], might turn out to play a very important role in future constructions towards a dual formulation of the problem. It should be emphasized, however, that we are only interested in the case of non-compact groups, as the compact models exhibit no tensionless limit. In any case, we expect that these methods can be applied directly to gauged WZW models and lead to a new non-perturbative formulation, where the tensionless limit can be studied more systematically in all generality. Also, in this context, it will be interesting to understand the relation between the world-sheet symmetries of the dual models, when appropriately defined by Langlands duality, and

– 56 – generalize earlier mathematical work on the subject, [75, 76]. The results should be able to explain why the black-hole coset SL(2, R)_k / U(1) exhibits a symmetry of W_∞ type in both limits, k → 2 and k → ∞, modulo the Virasoro algebra.

Third, the possible connections with non-commutative geometry should be put on a firm basis following the general ideas outlined in reference [19]. In particular, WZW models at large values of the level k are naturally related to the usual commutative geometry in target space, whereas α^′ ∼ 1/k corrections may be viewed as inducing quantum deformations that lead to non-commutative structures. For non-compact groups G_k there is a critical value of the level, k = g^∨, which resembles the infinite non-commutativity limit, and therefore it becomes tractable in many respects. In this case the notion of space-time becomes very fuzzy, as points become totally delocalized, and a new formalism is required to make sense of the underlying structures from a more fundamental viewpoint. Experience with other non-commutative field theories might prove useful in this respect, and the structure of the SL(2, R)_k / U(1) model at critical level might resemble the quantum Hall effect in the infinite non-commutativity limit, when the strength of the external magnetic field becomes infinite and the hamiltonian vanishes; recall in this case that the Landau levels become degenerate with zero energy, as the energy levels of the system are proportional to the fundamental frequency ω ∼ 1/B, which tends to zero. In any case, we expect that non-commutative geometry could be used further in order to provide an intrinsic definition of the tensionless limit of quantum string theory. Thus, the physics of very strong gravitational fields and the meaning of space-time singularities should be revisited in this context.

In conclusion, the tensionless limit of two-dimensional conformal field theories, and their relevance to the ultimate formulation of string theory beyond the effective field theory description, are interesting problems that deserve better attention. The present work indicates that many surprising things emerge along this path, and new ideas are certainly required in order to put forward some of the results in a systematic way. Also, there might be other tensionless models which are defined by different methods, without ever arising as limiting cases of two-dimensional conformal field theories. The universality of this limit and its fundamental definition in a background independent way remain open problems.

Acknowledgments

This work was supported in part by the European Research and Training Networks “Superstring Theory” (HPRN-CT-2000-00122) and “Quantum Structure of Space-time” (HPRN- CT-2000-00131), as well as the Greek State Foundation Award “Quantum Fields and Strings” (IKYDA-2001-22) and NATO Collaborative Linkage Grant “Algebraic and Geometric Aspects of Conformal Field Theories and Superstrings” (PST.CLG.978785). One of us (C.S.) is also thankful to the research committee of the University of Patras for a graduate student fellowship “C. Caratheodory” under contract number 2453; he also wishes to acknowledge support of the Japanese Ministry of Education, Culture, Sports, Science and Technology (Monbukagakusho) during his stay in Osaka, where this work was completed. Finally, we thank C. Bachas, C. Kounnas, U. Lindstrom, G. Savvidy and K. Sfetsos for useful discussions.

– 57 –

Note added. It was pointed out by the referee (and other colleagues) that one should rather expect an alternative interpretation of the tensionless limit as a gauge theory of higher spins with huge gauge symmetry and that any consistent theory of massless higher spin fields should also involve gravity. This picture emerges at the free level in Minkowski space (see, for instance, [79], and references therein), and it has been further extended to (A)dS backgrounds using the BRST formalism, as in reference [80]. Thus, if such picture persists in all tensionless models it will raise a puzzle that certainly calls for attention in connection with our results.

We do not have a definite answer to offer at this moment but only a few general comments that indicate the differences with other works and the means of investigation. First, it should be noted that the construction of W^{(3)}_∞ proves the existence of higher spin operator algebras in two dimensions without Virasoro generators. This result might be specific to two-dimensional world-sheet symmetries, but this is precisely were most of our work is confined. Of course, we also have a contracted Virasoro algebra, as in flat space, which can be used at will, but it is completely decoupled from the remaining symmetries of our model. Second, we do not have a target space interpretation of the W^{(3)}_∞ symmetry in order to explore directly the connection with the gauge theory of higher spin fields and their space-time field equations, if appropriate, as in references [79, 80].

However, using the BRST formalism for the algebra W^{(3)}_∞ it is possible to construct lagrangians of the form L ∼ ⟨Φ|Q|Φ⟩ and address the problem in all generality, but the results can be rather involved. Yet, it may prove instructive to compare the results with the similar construction based on BRST formalism for the contracted Virasoro algebra, as it is usually done in flat space for the higher spin triplets. Such comparison may very well separate the topological from the gauge theory aspects of higher spin fields in the tensionless limit of gauged WZW models and provide us with a definite answer. On the technical side, the role of the many null states that arise in the representation theory of non-compact current algebras at critical level also needs to be understood in this context in order to build tensors of general type. They rest on special properties of the SL(2, R) current algebra at k = 2, which are not shared by the oscillators at generic level. A few steps were already taken by other authors, [20], in an attempt to reproduce the analogue of Fronsdal’s conditions at critical level, but the results are still inconclusive: a huge gauge symmetry makes its appearance, as in flat space, but the transversality condition cannot be obtained from the contracted Virasoro constraints.

The above issues constitute open problems for future work and indicate that tensionless WZW models have additional features which are not shared by other models. They should be compared with other instances that involve topological modes of higher spin fields, as in two-dimensional string theory.

References

[1] A. Schild, Classical null strings, Phys. Rev. D 16 (1977) 1722.

[2] A. Karlhede and U. Lindström, The classical bosonic string in the zero tension limit, Class.

and Quant. Grav. 3 (1986) L73;

– 58 –

U. Lindström, B. Sundborg and G. Theodoridis, The zero tension limit of the spinning string, Phys. Lett. B 258 (1991) 331.

[3] J. Isberg, U. Lindström and B. Sundborg, Space-time symmetries of quantized tensionless strings, Phys. Lett. B 293 (1992) 321 [hep-th/9207005];

J. Isberg, U. Lindström, B. Sundborg and G. Theodoridis, Classical and quantized tensionless strings, Nucl. Phys. B 411 (1994) 122 [hep-th/9307108].

[4] S. Ouvry and J. Stern, Gauge fields of any spin and symmetry, Phys. Lett. B 177 (1986) 335;

A.K.H. Bengtsson, A unified action for higher spin gauge bosons from covariant string theory, Phys. Lett. B 182 (1986) 321.

[5] F. Lizzi, B. Rai, G. Sparano and A. Srivastava, Quantization of the null string and absence of critical dimensions, Phys. Lett. B 182 (1986) 326.

[6] G. Bonelli, On the tensionless limit of bosonic strings, infinite symmetries and higher spins, Nucl. Phys. B 669 (2003) 159 [hep-th/0305155]; On the covariant quantization of tensionless bosonic strings in AdS spacetime, J. High Energy Phys. 11 (2003) 028 [hep-th/0309222].

[7] H.J. de Vega and N. Sanchez, A new approach to string quantization in curved space-times, Phys. Lett. B 197 (1987) 320;

H.J. De Vega and A. Nicolaidis, Strings in strong gravitational fields, Phys. Lett. B 295 (1992) 214;

H.J. de Vega, I. Giannakis and A. Nicolaidis, String quantization in curved space-times: null string approach, Mod. Phys. Lett. A 10 (1995) 2479 [hep-th/9412081].

[8] G.K. Savvidy, Conformal invariant tensionless strings, Phys. Lett. B 552 (2003) 72; Gauge fields-strings duality and tensionless superstrings, Acta Phys. Polon. B34 (2003) 5063 [hep-th/0304160]; Tensionless strings: physical Fock space and higher spin fields,

hep-th/0310085.

[9] D. Amati, M. Ciafaloni and G. Veneziano, Superstring collisions at planckian energies, Phys.

Lett. B 197 (1987) 81; Classical and quantum gravity effects from planckian energy superstring collisions, Int. J. Mod. Phys. A 3 (1988) 1615.

[10] D.J. Gross and P.F. Mende, The high-energy behavior of string scattering amplitudes, Phys.

Lett. B 197 (1987) 129; String theory beyond the Planck scale, Nucl. Phys. B 303 (1988) 407.

[11] D.J. Gross, High-energy symmetries of string theory, Phys. Rev. Lett. 60 (1988) 1229.

[12] A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019;

E. Witten, Spacetime reconstruction,

http://quark.caltech.edu/jhs60/speakers/pages/witten.html.

[13] E. Witten, Space-time and topological orbifolds, Phys. Rev. Lett. 61 (1988) 670.

[14] P. Haggi-Mani and B. Sundborg, Free large-N supersymmetric Yang-Mills theory as a string theory, J. High Energy Phys. 04 (2000) 031 [hep-th/0002189];

B. Sundborg, Stringy gravity, interacting tensionless strings and massless higher spins, Nucl. Phys. 102 (Proc. Suppl.) (2001) 113 [hep-th/0103247].

[15] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002) 303 [hep-th/0205131];

A.M. Polyakov, Gauge fields and space-time, Int. J. Mod. Phys. A17:S1 (2002) 119;

– 59 –

M. Bianchi, J.F. Morales and H. Samtleben, On stringy AdS_5 × S^5 and higher spin holography, J. High Energy Phys. 07 (2003) 062 [hep-th/0305052];

N. Beisert, M. Bianchi, J.F. Morales and H. Samtleben, On the spectrum of AdS/CFT beyond supergravity, J. High Energy Phys. 02 (2004) 001 [hep-th/0310292].

[16] H. Nastase and W. Siegel, A new AdS/CFT correspondence, J. High Energy Phys. 10 (2000) 040 [hep-th/0010106];

A. Tseytlin, On limits of superstring in AdS_5 × S^5, Theor. Math. Phys. 133 (2002) 1376.

[17] A. Karch, Light cone quantization of string theory duals of free field theories,

hep-th/0212041;

A. Clark, A. Karch, P. Kovtun and D. Yamada, Construction of bosonic string theory on infinitely curved anti-de Sitter space, Phys. Rev. D 68 (2003) 066011 [hep-th/0304107].

[18] R. Gopakumar, S. Minwalla and A. Strominger, Noncommutative solitons, J. High Energy Phys. 05 (2000) 020 [hep-th/0003160].

[19] J. Fröhlich and K. Gawȩdzki, Conformal field theory and geometry of strings,

hep-th/9310187.

[20] U. Lindström and M. Zabzine, Tensionless strings, WZW models at critical level and massless higher spin fields, Phys. Lett. B 584 (2004) 178 [hep-th/0305098].

[21] O. Aharony, A brief review of ‘little string theories’, Class. and Quant. Grav. 17 (2000) 929 [hep-th/9911147];

D. Kutasov, Introduction to little string theory, in the proceedings of the ICTP spring school on Superstrings and Related Matters, 2001.

[22] K. Bardakci and M.B. Halpern, New dual quark models, Phys. Rev. D 3 (1971) 2493;

P. Goddard, A. Kent and D.I. Olive, Virasoro algebras and coset space models, Phys. Lett. B 152 (1985) 88.

[23] P. Goddard and D.I. Olive, Kac-Moody and Virasoro algebras in relation to quantum physics, Int. J. Mod. Phys. A 1 (1986) 303.

[24] V. Kac, Infinite dimensional Lie algebras, 2nd ed., Cambridge University Press, Cambridge 1990;

V. Kac and A. Raina, Bombay lectures on highest weight representations of infinite dimensional Lie algebras, Adv. Ser. Math. Phys. 2, World Scientific, Singapore 1987.

[25] J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37 (1971) 95;

E. Witten, Nonabelian bosonization in two dimensions, Commun. Math. Phys. 92 (1984) 455.

[26] K. Gawȩdzki and A. Kupiainen, G/H conformal field theory from gauged WZW model, Phys.

Lett. B 215 (1988) 119; Coset construction from functional integrals, Nucl. Phys. B 320 (1989) 625.

[27] D. Karabali, Q.-H. Park, H.J. Schnitzer and Z. Yang, A GKO construction based on a path integral formulation of gauged Wess-Zumino-Witten actions, Phys. Lett. B 216 (1989) 307; D. Karabali and H.J. Schnitzer, BRST quantization of the gauged WZW action and coset conformal field theories, Nucl. Phys. B 329 (1990) 649.

[28] K. Bardacki, M.J. Crescimanno and E. Rabinovici, Parafermions from coset models, Nucl.

Phys. B 344 (1990) 344.

– 60 –

[29] V.A. Fateev and A.B. Zamolodchikov, Parafermionic currents in the two-dimensional conformal quantum field theory and selfdual critical points in Z_N invariant statistical systems, Sov. Phys. JETP 62 (1985) 215;

D. Gepner and Z.-A. Qiu, Modular invariant partition functions for parafermionic field theories, Nucl. Phys. B 285 (1987) 423.

[30] K. Bardakci, M.J. Crescimanno and S. Hotes, Parafermions from nonabelian coset models, Nucl. Phys. B 349 (1991) 439; Classical W algebras and nonabelian parafermions, Phys. Lett. B 257 (1991) 313.

[31] E.B. Kiritsis, Duality in gauged WZW models, Mod. Phys. Lett. A 6 (1991) 2871.

[32] E. Witten, On string theory and black holes, Phys. Rev. D 44 (1991) 314.

[33] I. Bars, Heterotic superstring vacua in 4-d based on noncompact affine current algebras, Nucl.

Phys. B 334 (1990) 125;

I. Bars and D. Nemeschansky, String propagation in backgrounds with curved space-time, Nucl. Phys. B 348 (1991) 89.

[34] S. Elitzur, A. Forge and E. Rabinovici, Some global aspects of string compactifications, Nucl.

Phys. B 359 (1991) 581;

G. Mandal, A.M. Sengupta and S.R. Wadia, Classical solutions of two-dimensional string theory, Mod. Phys. Lett. A 6 (1991) 1685.

[35] I. Antoniadis, C. Bachas, J.R. Ellis and D.V. Nanopoulos, Cosmological string theories and discrete inflation, Phys. Lett. B 211 (1988) 393.

[36] R. Dijkgraaf, H. Verlinde and E. Verlinde, String propagation in a black hole geometry, Nucl.

Phys. B 371 (1992) 269.

[37] I. Bars and K. Sfetsos, Global analysis of new gravitational singularities in string and particle theories, Phys. Rev. D 46 (1992) 4495 [hep-th/9205037]; Conformally exact metric and dilaton in string theory on curved space-time, Phys. Rev. D 46 (1992) 4510 [hep-th/9206006]; Exact effective action and space-time geometry n gauged WZW models, Phys. Rev. D 48 (1993) 844 [hep-th/9301047].

[38] A.A. Tseytlin, Effective action of gauged WZW model and exact string solutions, Nucl. Phys.

B 399 (1993) 601 [hep-th/9301015]; Conformal sigma models corresponding to gauged Wess-Zumino-Witten theories, Nucl. Phys. B 411 (1994) 509 [hep-th/9302083]; Two-dimensional conformal sigma models and exact string solutions, hep-th/9303054.

[39] J.M. Maldacena and H. Ooguri, Strings in AdS_3 and SL(2, R) WZW model, I. The spectrum, J. Math. Phys. 42 (2001) 2929 [hep-th/0001053].

[40] A. Hanany, N. Prezas and J. Troost, The partition function of the two-dimensional black hole conformal field theory, J. High Energy Phys. 04 (2002) 014 [hep-th/0202129]; D. Israel, C. Kounnas and M.P. Petropoulos, Superstrings on NS5 backgrounds, deformed AdS_3 and holography, J. High Energy Phys. 10 (2003) 028 [hep-th/0306053].

[41] J.M. Maldacena, J. Michelson and A. Strominger, Anti-de Sitter fragmentation, J. High Energy Phys. 02 (1999) 011 [hep-th/9812073];

N. Seiberg and E. Witten, The D1/D5 system and singular CFT, J. High Energy Phys. 04 (1999) 017 [hep-th/9903224].

[42] B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and correlation functions at the critical level, Commun. Math. Phys. 166 (1994) 27 [hep-th/9402022].

– 61 –

[43] V. Kac and D. Kazhdan, Structure of representations with highest weight of infinite dimensional Lie algebras, Adv. Math. 34 (1979) 97.

[44] L.J. Dixon, M.E. Peskin and J. Lykken, N = 2 superconformal symmetry and SO(2, 1) current algebra, Nucl. Phys. B 325 (1989) 329.

[45] J. Polchinski, Critical behavior of random surfaces in one-dimension, Nucl. Phys. B 346 (1990) 253;

S.R. Das, A. Dhar and S.R. Wadia, Critical behavior in two-dimensional quantum gravity and equations of motion of the string, Mod. Phys. Lett. A 5 (1990) 799.

[46] F. Ardalan, 2-d black holes and 2-d gravity, hep-th/9301073;

M. Alimohammadi, F. Ardalan and H. Arfaei, Nilpotent gauging of SL(2, R) WZNW models and Liouville field, hep-th/9304024; Gauging SL(2, R) and SL(2, R) × U(1) by their nilpotent subgroups, Int. J. Mod. Phys. A 10 (1995) 115.

[47] M. Alimohammadi and F. Ardalan, Vertex operators of SL(2, R) black hole and 2-d gravity,

hep-th/9401158; 2-d gravity as a limit of the SL(2, R) black hole, Mod. Phys. Lett. A 10

(1995) 2485 [hep-th/9505033].

[48] F. Ardalan and A.M. Ghezelbash, Vector-chiral equivalence in null gauged WZNW theory, Mod. Phys. Lett. A 9 (1994) 3749 [hep-th/9410158];

A.M. Ghezelbash, Gauging of Lorentz group WZW model by its null subgroup, Mod. Phys. Lett. A 11 (1996) 1765 [hep-th/9607084].

[49] D. Mateos, T. Mateos and P.K. Townsend, Supersymmetry of tensionless rotating strings in AdS_5 × S^5 and nearly-BPS operators, J. High Energy Phys. 12 (2003) 017 [hep-th/0309114]; More on supersymmetric tensionless rotating strings in AdS_5 × S^5, hep-th/0401058; A. Mikhailov, Speeding strings, J. High Energy Phys. 12 (2003) 058 [hep-th/0311019].

[50] V.A. Belinsky, I.M. Khalatnikov and E.M. Lifshitz, Oscillatory approach to a singular point in the relativistic cosmology, Adv. Phys. 19 (1970) 525; A general solution of the Einstein equations with a time singularity, Adv. Phys. 31 (1982) 639.

[51] T. Damour, M. Henneaux and H. Nicolai, E_{10} and a ‘small tension expansion’ of M-theory, Phys. Rev. Lett. 89 (2002) 221601 [hep-th/0207267]; Cosmological billiards, Class. and Quant. Grav. 20 (2003) R145.

[52] P. Bouwknegt and K. Schoutens eds., W -symmetry, Adv. Ser. Math. Phys. 22, World Scientific, Singapore 1995.

[53] J.D. Lykken, Finitely reducible realizations of the N = 2 superconformal algebra, Nucl. Phys.

B 313 (1989) 473.

[54] O.F. Hernandez, Feigin-Fuchs bosonization of Lykken parafermions and SU(1, 1) Kac-Moody algebras, Phys. Lett. B 233 (1989) 355;

P.A. Griffin and O.F. Hernandez, Feigin-Fuchs derivation of SU(1, 1) parafermion characters, Nucl. Phys. B 356 (1991) 287.

[55] I. Bakas and E. Kiritsis, Beyond the large N limit: non-linear W_∞ as symmetry of the SL(2, R)/U(1) coset model, Int. J. Mod. Phys. A 7S1A (1992) 55 [hep-th/9109029].

[56] R. Blumenhagen, W. Eholzer, A. Honecker, K. Hornfeck and R. Hubel, Unifying W algebras, Phys. Lett. B 332 (1994) 51 [hep-th/9404113]; Coset realization of unifying W algebras, Int. J. Mod. Phys. A 10 (1995) 2367 [hep-th/9406203].

– 62 –

[57] I. Bakas, The large-N limit of extended conformal symmetries, Phys. Lett. B 228 (1989) 57;

The structure of the W_∞ algebra, Commun. Math. Phys. 134 (1990) 487; Area preserving diffeomorphisms and higher spin fields in two dimensions, in Supermembranes and physics in 2 + 1 dimensions, M. Duff, C. Pope and E. Sezgin eds., World Scientific, Singapore 1990.

[58] I. Bakas and E. Kiritsis, Bosonic realization of a universal W algebra and Z_∞ parafermions, Nucl. Phys. B 343 (1990) 185; Structures and representations of the W_∞ algebra, Prog. Theor. Phys. Suppl. 102 (1990) 15; Universal W -algebras in quantum field theory, in Topological methods in quantum field theory, W. Nahm, S. Randjbar-Daemi, E. Sezgin and E. Witten eds., World Scientific, Singapore 1991.

[59] C.N. Pope, L.J. Romans and X. Shen, The complete structure of W_∞, Phys. Lett. B 236 (1990) 173; W_∞ and the Racah-Wigner algebra, Nucl. Phys. B 339 (1990) 191.

[60] C.N. Pope, L.J. Romans and X. Shen, A new higher spin algebra and the lone star product, Phys. Lett. B 242 (1990) 401;

E. Bergshoeff, C.N. Pope, L.J. Romans, E. Sezgin and X. Shen, The super W_∞ algebra, Phys. Lett. B 245 (1990) 447;

D.A. Depireux, Fermionic realization of W_{1+∞}, Phys. Lett. B 252 (1990) 586.

[61] I. Bakas, B. Khesin and E. Kiritsis, The logarithm of the derivative operator and higher spin algebras of W-infinity type, Commun. Math. Phys. 151 (1993) 233.

[62] B. Feigin, The Lie algebra gl(λ) and the cohomology of the Lie algebra of differential operators, Usp. Mat. Nauk 35 (1988) 157;

O. Kravchenko and B. Khesin, A non-trivial central extension of the Lie algebra of (pseudo)-differential symbols on the circle, Funct. Anal. Appl. 23 (1989) 78.

[63] A. Radul, Lie algebras of differential operators, their central extensions, and W algebras, Funct. Anal. Appl. 25 (1991) 25; Nontrivial central extensions of Lie algebras of differential operators in two-dimensions and higher dimensions, Phys. Lett. B 265 (1991) 86.

[64] W. Arveson, Quantization and the uniqueness of invariant structures, Commun. Math. Phys.

89 (1983) 77;

P. Fletcher, The uniqueness of the Moyal algebra, Phys. Lett. B 248 (1990) 323.

[65] D.J. Gross and I.R. Klebanov, Fermionic string field theory of c = 1 two-dimensional quantum gravity, Nucl. Phys. B 352 (1991) 671;

S.R. Das, A. Dhar, G. Mandal and S.R. Wadia, Gauge theory formulation of the c = 1 matrix model: symmetries and discrete states, Int. J. Mod. Phys. A 7 (1992) 5165 [hep-th/9110021].

[66] V. Kazakov, I.K. Kostov and D. Kutasov, A matrix model for the two-dimensional black hole, Nucl. Phys. B 622 (2002) 141 [hep-th/0101011].

[67] M. Kato and K. Ogawa, Covariant quantization of string based on BRS invariance, Nucl.

Phys. B 212 (1983) 443;

S. Hwang, Covariant quantization of the string in dimensions D ≤ 26 using a BRS formulation, Phys. Rev. D 28 (1983) 2614.

[68] J. Thierry-Mieg, BRS analysis of Zamolodchikov’s spin two and three current algebra, Phys.

Lett. B 197 (1987) 368.

[69] K. Yamagishi, W(infinity) algebra is anomaly free at c = −2, Phys. Lett. B 266 (1991) 370.

– 63 –

[70] C.N. Pope, L.J. Romans and X. Shen, Conditions for anomaly free W and super-W algebras, Phys. Lett. B 254 (1991) 401.

[71] C. Klimčík and A.A. Tseytlin, Exact four-dimensional string solutions and Toda like sigma models from ‘null gauged’ WZNW theories, Nucl. Phys. B 424 (1994) 71 [hep-th/9402120].

[72] I. Bakas and E. Kiritsis, Grassmannian coset models and unitary representations of W_∞, Mod. Phys. Lett. A 5 (1990) 2039.

[73] V. Kac and A. Radul, Quasifinite highest weight modules over the Lie algebra of differential operators on the circle, Commun. Math. Phys. 157 (1993) 429 [hep-th/9308153]; Representation theory of the vertex algebra W_{1+∞}, hep-th/9512150.

[74] Y. Matsuo, Free fields and quasifinite representation of W_{1+∞} algebra, Phys. Lett. B 326 (1994) 95 [hep-th/9312192];

H. Awata, M. Fukuma, Y. Matsuo and S. Odake, Character and determinant formulae of quasifinite representation of the W_{1+∞} algebra, Commun. Math. Phys. 172 (1995) 377 [hep-th/9405093]; Representation theory of W_{1+∞} algebra, Prog. Theor. Phys. Suppl. 118 (1995) 343.

[75] B. Feigin and E. Frenkel, Affine Kac-Moody algebras at the critical level and Gelfand-Dikii algebras, Int. J. Mod. Phys. A 7S1A (1992) 197;

E. Frenkel, W -algebras and Langlands-Drinfeld correspondence, in New symmetry principles in quantum field theory, Plenum Press, New York 1992.

[76] E. Frenkel, Affine algebras, Langlands duality and Bethe ansatz, q-alg/9506003; Lectures on Wakimoto modules, opers and the center at the critical level, math.QA/0210029.

[77] P. Goddard, J. Nuyts and D.I. Olive, Gauge theories and magnetic charge, Nucl. Phys. B 125 (1977) 1.

[78] H. Garland and M.K. Murray, Kac-Moody monopoles and periodic instantons, Commun.

Math. Phys. 120 (1988) 335.

[79] D. Francia and A. Sagnotti, On the geometry of higher spin gauge fields, Class. and Quant.

Grav. 20 (2003) S473.

[80] A. Sagnotti and M. Tsulaia, On higher spins and the tensionless limit of string theory, Nucl.

Phys. B 682 (2004) 83 [hep-th/0311257].

– 64 –